FIBER FUNCTORS, MONOIDAL SITES AND 
TANNAKA DUALITY FOR BIALGEBROIDS^*) 



K. SZLACHANYI 

Abstract. What are the fiber functors on small additive monoidal categories 
C which are not abelian? We give an answer which leads to a new Tannaka 
duality theorem for bialgebroids generalizing earlier results by Phung Ho Hai. 
The construction reveals a sheaf theoretic interpretation in so far as the re- 
constructed bialgebroid H has comodule category equivalent to the category 
of T-sheaves w.r.t. a monoidal Grothendieck topology on C. We also prove 
an existence theorem for fiber functors on small additive monoidal categories 
with bounded fusion and weak kernels. For certain autonomous categories a 
generalized Ulbrich Theorem can be formulated which relates fiber functors to 
Hopf algebroid Galois extensions. 



Contents 



1. 


Introduction 


1.1. 


The outline of the paper 


1.2. 


On notation and terminology 


2. 


Extension of functors to presheaves 


2.1. 


Tensor product of functors 


2.2. 


Monoidal structure on the presheaf category 


2.3. 


The monoidal extension IF 


3. 


The adjunction associated to a fiber functor 


3.1. 


The strong part of 


3.2. 


The monoidal adjunction J- -\ Q 


3.3. 


The adjunction H e« 


3.4. 


Digression: The actegory picture 


4. 


The comparison functor 


4.1. 


The adjunction K -\ C 


4.2. 


The adjunction 10 H 


5. 


The monoidal idempotent monad T and its sheaves 


5.1. 


The monoidal structure of T-modules 


5.2. 


Monoidal Grothendieck topologies 


5.3. 


The embedding theorem 


5.4. 


The sheaf monoid Q and bialgebroids 


6. 


The representation theorem 


6.1. 


The case of corings 


6.2. 


Fiber functors 


6.3. 


The reconstruction theorem 



Preliminary version. Comments are welcome: szlachOrmki . kf ki .hu 
Supported by the Hungarian Scientific Research Fund, OTKA K-68195. 



K. SZLACHANYI 

6.4. Deligne's and Hai's Theorems 47 

6.5. fc-linear versions 48 

6.6. Weak bialgebras 5C 

7. Existence of fiber functors 52 

7.1. Bounded fusion 53 

7.2. Weak kernels 57 

7.3. An Almost Duality Theorem 59 

8. Comparison of fiber functors and Hopf algebroids 6C 

8.1. Some general observations 61 

8.2. G as a Galois object and right autonomy 62 

8.3. Left autonomy 64 

8.4. Coarse fiber functors of corings 68 

8.5. An Ulbrich Theorem for Hopf algebroids 7C 

8.6. Invertible antipodes 74 
References 76 



1. Introduction 

Let C be a small monoidal Ab-category and F : C ^ rMr an additive strong 
monoidal functor to the category of bimodules over some ring R. Non-commutative 
Tannaka duality consists of constructing a quantum groupoid or, more generally, 
a monoidal comonad Q and a universal factorization of F through the forgetful 
functor M'^ rM.r of the category of Q-comodules. 




This 'Tannaka construction' can be done for quite general C and F. The diffi- 
cult part of the problem is to find conditions that guarantee that K establishes 
a monoidal equivalence of C with a distinguished full subcategory of A^'^ which 
is usually a subcategory A^j of comodules obeying a finiteness condition. This 
equivalence is usually referred to as the Representation Theorem. 

If we replace rM. r with the category Aik of modules over the commutative ring 
k we are in the framework of 'commutative' Tannaka dualities of Saavedra-Rivano 
[29] . Deligne and Milne [12] and Ulbrich [38], see also [30] and [17]. In [9] Day 
considers arbitrary closed symmetric monoidal categories as targets of the fiber 
functor. McCrudden in [21] generalizes this further by considering braided target 
categories. In their celebrated works Deligne [TT] and Doplicher and Roberts [13] 
went beyond Tannaka duality in that they proved existence and uniqueness of the 
fiber functor, establishing in this way an 'abstract duality' theorem. 

The need of a non-braided target category such as rMr emerged in the 90's 
when, motivated by several areas of mathematics and physics, various authors pro- 
posed groupoid- like generalizations of the notion of Hopf algebra [53] , [TJ] , [3] , [5D] , 
[3T] , [33] , [ini ) [S] ■ The most fundamental among them is the notion of bialgebroid 
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which had been actually invented much earlier by Takeuchi under the name x r- 
bialgebras [36|- These 'quantum groupoids' H all share in the property that their 
comodule categories have strong monoidal forgetful functors to some bimodule 
category nAdji where R, the non-commutative base ring of H, generalizes the alge- 
bra of functions on the objects of a groupoid. Tannaka duality, resp. reconstruction 
theorems in this non-commutative setting has been worked out by Bruguires [6], 
Hayashi pii|, Phung Ho Hai ^28^, and recently by Pfeiffer [27] and McCurdy [25]. 

In all the above mentioned Tannaka dualities, either over a commutative base or 
not, the hypotheses on C include abelianness. Moreover, the fiber functors F are 
faithful exact strong monoidal with values in the subcategory rM^^^ of right dual 
objects in rA4r, i.e., FC is finitely generated and projective as right i?-module 
for all C G obC. This means that is chosen to be A^^p which is the full 
subcategory of Ai'^ the underlying bimodules of which are in rM-^^^ . There can 
be arguments for choosing different AiJ but in the present paper we insist to this 
tradition. However, abelianness of C will be relaxed for the following reason. For 
generic R the category rM^^^ is not abelian, not all morphisms have kernels or 
cokernels. Therefore if we once arrive to a Representation Theorem stating the 
equivalence C ~ -^§p then this will imply severe restrictions on the quantum 
groupoid or comonad Q. Similar reason lead Bruguires to introduce 'semitransi- 
tive corings' in his paper ,6j. The Representation Theorem of Phimg Ho Hai ^251 
Corollary 2.2.5] also uses 'semitransitive bialgebroids' for this reason. 

The motivation of the present paper was to derive Tannaka duality for as general 
bialgebroids as possible without assuming that C is abelian. This involved, unfor- 
tunately, that we did not know at the beginning what properties to postulate for a 
fiber functor. This is why the definition of fiber functor awaits until Section [5| It 
includes all the faithful exact functors if C is abelian. 

Diagram (|l.ip is reminiscent to the Eilenberg-Moore situation for comonads. If 
we replace C with a 'larger' category C and assume that J- : C rA4r, is a strong 
monoidal and left adjoint functor then there is monoidal comonad Q and a universal 
factorization 



where K. is the comparison functor. The analogue of the Representation Theorem 
is the statement that if J- is comonadic then /C is an equivalence. 

If we choose C to be the category Add(C°P, Ab) of additive presheaves over C then 
left Kan extension provides a connection between the two approaches. 



C 



(1.2) 




rMr 



C 



(1.3) 
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where T is the left Kan extension of F along the Yoneda embedding Y : C ^ C. 
Using the left Kan extension functor in Tannaka duality appears in Brian Day's 
paper [5] . For a comparison with |9j one should consider the long forgetful functor 

F : C — > rMr — > Ab instead of F. Then we can say that we consider only 
enrichment over Ab but allow for more general functors than strong monoidal ones: 
these are the essentially strong monoidal functors [35]. (Observe that with non- 
commutative base the target category of the strong monoidal (part) of the fiber 
functor is no longer the same as the category over which C is enriched. ) 

If F is flat then the EIlenberg-Moore category Al'^ of comodules becomes equiv- 
alent to a category Cj of sheaves over C w.r.t. some monoidal Grothendieck topol- 
ogy T. This topology is encoded in the structure of a special left exact monoidal 
idempotent monad T on C which arises from the fact that the comparison functor 
/C : C — > Ai^ is the reflection of a monoidal localization C. If F obeys also the 
finiteness condition, i.e., FC is right dual in rA4r for C G obC, then the Eilenberg- 
Moore construction of the comonad Q from the Kan extension ^ reduces to the 
familiar coend construction [T7] of the bialgebroid H from F [55] . Therefore our 
bialgebroids are always such that rH is flat and is equivalent to a monoidal 
category of sheaves over C. 



1.1. The outline of the paper. In the explanatory Section 2 the reader can ac- 
quaint with the basic notions of tensor pproduct of additive functors, the Day convo- 
lution on the presheaf category C and how flatness and essential strong monoidality 
are inherited to the left Kan extension functor. 

The monoidal adjunction J- ~\ G, which is discussed in Section 3, immediately 
yields the left exact monoidal comonad Q = TG- We investigate also in this section 
the non-monoidal adjunction J^^ H G^ which yields the left exact comonad on 
Mr. We then construct a category equivalence : M'^ ~ M'^* which, in a 'very 
strong sense', respects the forgetful functor (j) : rMr Mr. 

In Section 4 the comparison functor /C : C ^ M'^ and its right adjoint are 
studied. The comparison functor provides the Tannaka factorization of the fiber 
functor through the comodule category M''^ . We show that the right adjoint £ is 
a monoidal localization, i.e., fully faithful with a left exact left adjoint. Then we 
construct a monad isomorphism between the left exact idempotent monads T and 
T" on C corresponding to the adjunctions K. ~\ C and /C" H 

In Section 5 first we study left exact monoidal idempotent monads T in generality 
and find the condition that makes their categories of modules Cj monoidal. (In 
general only the Kleisli category is known to be monoidal.) This motivates the 
definition of monoidal Grothendieck topologies for which the category of sheaves 
is precisely the Eilenberg- Moore category Cj. In case of T is constructed from 
a flat essentially strong monoidal functor F we discuss the distingushed sheaf G 
which has a monoid structure and subgenerates all sheaves. It is, as a functor, the 
pointwise left dual of the fiber functor and also the preimage of the bialgebroid 
H = TG under the (Kan extended) fiber functor. 

Section 6 contains our main results on Tannaka duality. We define the notion 
of fiber functor in Definition 16.51 and prove the Representation Theorem and the 
Reconstruction Theorem (see theorems 16.61 and I6.10p . 
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In Section 7 imposing further restrictions on the domain category C we prove in 
Theorem 1 7 . 91 that coarse fiber functors exist. These are the fiber functors for which 
the Grothendieck topology is the coarsest on C. 

In Section 8 we try to relate different fiber functors and their bialgebroids on 
the same Cauchy complete autonomous monoidal category C. If C admits a coarse 
fiber functor then we can prove a theorem inspired by Ulbrich's Theorem on the 
equivalence of fiber functors on A^-^ and faithfully fiat Galois extensions of the base 
ring and by its generalizations by Schauenburg 32J and by Bohm and Brzezihski [3]. 
Finally, for autonomous C equipped with a monoidal natural isomorphism between 
left and right dual objects we construct an invertible antipode on the reconstructed 
bialgebroid H. 

1.2. On notation and terminology. As a general principle we try to balance be- 
tween the conventions used in category theory and in Hopf algebra theory. When- 
ever possible we use general categorical notation [5T1 [551 [I]j e.g. identify objects 
with their unit arrows. But for monads and comonads a deviation from the usual 
convention seems more appropriate, see 11.2.21 The monoidal product of rMh, as 
well as of categories monoidally comonadic over bMr, is denoted by ®. But in or- 

R 

der to avoid some ambiguities we are forced to use another symbol in the comonad 
_ (g) 7J associated to the bialgebroid (actually of the underlying coring) . This leads 

R 

to the unusual expression for the coproduct: A : H ^ H (g) H. 

R 

Tensor product of additive presheaves, as an instance of Day convolution [H], will 
be denoted by the symbol 0. 

Boldface letters usually refer to Ab-valued functors. rA4r -valued functors are 
normal Roman while A^/j- valued functors are distinguished by a jj sign. For exam- 
ple, the fiber functor will appear in three guises: F, F and FK 

1.2.1. Essentially strong monoidal functors. A monoidal functor C ^ is con- 
sidered as a triple {F,F2,Fo) where : C Al is a functor, F2 is a natural 
transformation with components Fc\d ■ FC ® FD — > F{C ® D) and Fq is an arrow 
R FI where R and / are the unit objects of A4 and C, respectively. These 
data are subject to obey 3 coherence conditions: 1 hexagon for associativity and 
2 squares for unitality. We use the terminology monoidal/ strong monoidal/ strict 
monoidal functor according to whether F2 and Fq are just arrows or isomorphisms 
or identities, respectively. A monoidal functor is called normal if Fq is invertible. 

Every monoidal functor F : C — > Al maps monoids to monoids, in particular R = 
FI has a monoid structure in A4. This leads to an essentially unique factorization 

of F as C — > rMr — * Al with F normal monoidal 35J. The monoidal functor 
F is called essentially strong monoidal if its normal part F is strong monoidal. 
Therefore the essentially strong monoidal functors can simply be thought of as 
the strong monoidal functors to a bimodule category composed with the monoidal 
forgetful functor rMr M. 

The normal factorization of the essentialy strong monoidal F is to be considered 
as the zeroth step of non-commutative Tannaka reconstruction: The reconstruction 
of the base ring R from the a priori data (C, F). 

1.2.2. Monads and comonads. A monad T on a monoidal category Al is denoted as 
a triple (T, yit, rj) where T is the underlying endofunctor, ^ -.T^ ^ T and rj : A4 —> T 
are the multiplication and unit of the monad. Dually, a comonad is a triple (Q, A, e) 
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where A : Q ^ is the comuhiphcation and e : Q —> Al is the counit. In contrast 
to the categorist notation the Eilenberg-Moore category of the monad T is denoted 
by A4t and that of a comonad Q by A4'^ , complying in this way with the notation 
used in ring, coring and Hopf algebra theory. Accordingly, the objects of Mj are 
called T-modules and the objects of A4'^ are called Q-comodules. E.g. the latter 
are pairs (M, a) where M € ob and a : M ^ QM is the coaction. 

1.2.3. Flatness. The notion of flatness of a functor is a substitute for left exactness 
in the situation where finite limits may not exist in the domain category. The gen- 
eral definition can be found in 1 which, for addive functors on additive categories, 
can be rephrased as follows. At first we define the category of elements E.\tF of a 
functor F : C ^ Ab. It has objects {x, C) where C £ obC and x G FC and arrows 

{x, C) {y, D) those t € C{C, D) for which Ftx = y holds. There is an obvious 
forgetful functor EltF C. Now for an additive category C an additive functor 
: C ^ Ab is called flat if its category EltF of elements is cofiltered, i.e., if 

(flat-1) Given objects A^B oiC and elements x e FA^ y G FB there exist an object 
C, arrows s : C A, t : C B and a z G FC such that Fsz = x and 
Ftz = y. 

(flat-2) Given an arrow t : B ^ C in C and an element y G FB such that Fty = 
there exist an arrow s : A ^ B and an x G FA such that Fsx = y and 
t o s = 0. 

The first axiom could have been ommitted altogether since for additive categories 
C (flat-1) is automatically satisfied by taking C to be the direct sum of A and B. 

We need also flatness of functors F : C ^ Ai where Ai is an additive category 
equipped with a canonical forgetful functor to Ab. In all such cases we shall say that 
F is flat when the composite C Ab is flat in the above sense. If the forgetful 

functor is left adjoint, as happens for categories of modules of a ring Aiu Ab for 
example or for categories of comodules of i?-corings — > A4u Ab, then this 
functor preserves left Kan extension so it is practically indifferent whether we take 
the Kan extension of the Ab-valued, the At^-valued or the A^^-valued functor. 

If C has kernels, hence all flnite limits, then F is flat precisely when it preserves 
these limits, i.e., it is left exact. 

For purposes of the present paper the most important property of flat functors 
is the following one T, I. Proposition 6.3.8]: F is flat precisely when its left Kan 
extension along the Yoneda embedding is left exact (c.f. Lemma [2^ . 

1.2.4. Bialgebroids. A bialgebra over k is both a monoid and comonoid in the sym- 
metric monoidal category A4k- A bialgebroid H can be thought of as a 'bialgebra 
over a non-commutative ring R\ In fact iJ is a comonoid in rMr (so an i?-coring) 
and a monoid in RuAiRn (so an i?'^-ring) where R'^ = ® R. The compatibility 
conditions are rather delicate but as it has been shown in [34! they are equivalent 
to the requirement that the monad _ ® H ox\ Mri = rA4r associated to the 

R'^-iing has an opmonoidal structure. Unfortunately this 'bimonad' interpretation 
of bialgebroids will have no use for this paper since we are interested in comodule 
categories of bialgebroids for which a monoidal comonad description is the more 
appropriate [lOj . 

Throughout this paper bialgebroid will always mean right bialgebroid, as they 
are called in [TS] . The category of comodules of an i?-bialgebroid is defined as the 
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category 7V( of comodules of its underlying i?-coring. The monoidal product on 
is introduced by first noticing that a right i?- module N which is equipped with 
a right _ff-coaction N ^ N ^ H, (§) n^^\ is automatically an i?-i?-bimodule 

B. R 

[28l 1.4.] in such a way that all _ff-comodule morphisms become i?-i?-bimodule 
morphisms. Then the monoidal product of _ff-comodules can be introduced by 
setting M®iV to be the right _R- module M®N equipped with the coaction m®rn-^ 

R R R. 

(rn'^'^' ® n''^^) (i) m!'^^ rS^\ This is a very fortunate interplay between the monad 

R R 

R® - and the comonad _ (g) H on which will be generalized from bialgebroids 

R. 

to general left exact monoidal comonads in Subsection 13.31 

For more about bialgebroids and Hopf algebroids we refer to [2] and the references 
therein. 

2. Extension of functors to presheaves 

2.1. Tensor product of functors. For a small Ab-category C and a pair of addi- 
tive functors U : C°p — > Ab and F : C — > Ab one defines the abelian group ?7 F as 

C 

the coequalizer 

L 

(2.1) Y[ UD(E)C{C,D)(g)FC ^^^Z U UC(E)FC <^ U (g)F 

CDeohC ^ C'eohC 

in Ab where the maps L, R are defined by 

L o ic,D{u ®t®x) = ic{Ut{u) (g) x) 
R- ° ic,D[u ®t® x) — ioiu® Ft{x)) 

for X G FC, u G UD and t e C{C,D). Equivalcntly, [/ ® F is the cocnd of the 

c 

functor [/ (g) F : C°p x C ^ Ab, so we write 

c 

UC®FC . 

For u® X ^UC ® FC we denote its image in the tensor product hy u® x. An 

c 

arbitrary element of /7(8)F is a finite sum of such rank 1 tensors. The rank 1 tensors 
c 

obey the relations 

(2.2) u-t®x = u®t-x ue UD, t e C(C, D), a; G FC 

C D 

where we introduced the shorthand notation u ■ t := Utiu) and t ■ x := Ft{x). 

Example 2.1. If C is a 1 object Ab-category, i.e., a ring S", then [/ is a right 
S'-module, F is a left 5-module and U ®F is the tensor product of 5'-modulcs 

U®F. 

s 

For natural transformations a : U ^ U' and t : F — > F' one can easily see that 
U ®F ^U' ®F' , u®x^ aA{u)®TA{x) 

CCA A 



U®F 
c 
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is a well-defined map of abelian groups and this extends the definition of the tensor 
product over C to a bifunctor 

_ . : Add(C°P, Ab) x Add(C, Ab) ^ Ab . 

c 

Fixing F and letting U to vary over the presheaf category C :— Add(C°P, Ab) we get 
a functor 

:F := _ (g)F : C ^ Ab. 
c 

Composing ^ with the Yoneda embedding Y: C^C,Ai-^C{-,A) the relations 
(12. 2p imply that there is a natural isomorphism 

(2.3) Na ■■ :FYA ^ fa, s®x^ Fs(x) . 

c 

As it is shown in [2T| X.4.] T is the left Kan extension of F along Y . 

By [TJ I. Proposition 6.3.8] F is flat precisely when T is left exact which is part 
of the next Lemma. 

Lemma 2.2. For an additive functor ^ : C ^ Ab consider the conditions: 

(1) There is an additive (and flat) functor F : C — > Ab and a natural isomor- 
phism _ ® F = 

c 

(2) ^ is left adjoint (and left exact). 

Then (1)^(2) for any small Ab-category C. If C is additive then also (2)^(1). 

Proof. (1) => (2) The right adjoint of _ (K) F is the functor 

a : Ab ^ C, 

X ^ Ab(F.,X) 

Taking the canonical presentation of F as the colimit of representable functors, 

F = colim((EltF)°P — > C°p — > Add(C, Ab)) 

and using the fact that for each presheaf U the functor [/ ® _ : Add(C, Ab) — > Ab is 

left adjoint, too, we obtain 

^ colim ((EltF)°P — > C°P Ab) . 

Therefore if F is flat then IF is (pointwise) a filtered colimit of abelian groups and 
therefore commutes with finite limits. 

(2) ^ (1). Let F := FY and F^g. Then 

Ab(f7 ®Y,X)^ C{U, Ab(F . , X)) = C(U. Ab{FY -.X)) = 

c 

^ c{u, ciY . , gx)) = c(c/, gx) ^ 

^ Ah{FU, X) 

implying that F = _ ® F. Assume F is left exact. Axiom (flat-1) for flatness of F 
c 

holds by additivity of C. In order to verify (flat -2) let < : C ^ D and x G KerFi. 

The kernel V YC of Yt is the presheaf the elements {v, B) of which are the 

arrows B C such that t o v = 0. Composing the kernel Fa of Ft with the 

V 

canonical epimorphism VB ® FD -» ®F and using additivity of C we see that 

c 

there is an object B ^ C and a w ® y £ FV such that Fvy ~ x. □ 

B 
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2.2. Monoidal structure on the presheaf category. As usual C is called a 
small monoidal Ab-category if it is a small Ab-catcgory equipped with a monoidal 
structure in which the monoidal product (8) : C x C ^ C is additive in both argu- 
ments. The unit object is denoted by / and the coherence natural isomorphisms 
by SiA,B,c, Ic and rc- From now on C always denotes such a category. Presheaves 
on C are always Ab-valued and additive. 

Let U and V be presheaves on C and define the presheaf U QV as follows. For 
C G obC let {U V)C be a coequalizer 

]J UD' (8> C{C', D') (8) VD" C{C" , D") C(C, C C") 

C',C",D',D"eohC 



]J ?7C"0FC"0C(C,C"0C") ^ iUQV)C 



^ C',C"eohc 
where the maps L, R are defined by 

L o ic',C",D',D"{x t' ?y t" t) = ic',C"{Ut'x Vt"y t) 

R O ic',C",D',D"{x ®t' ®V ®t" ®t) = iD',D"{x 2/0 {{t' t") o t) 

In other words, the abelian group {U V)C consists of Z-linear combinations of 
words 

(2.4) [x, y, t]^,^c" where x e UC, y e VC", t e C{C, C C") 

subject to the relations 

[Ut'x, Vt"y, t]§,^c" = [x, y, {f 1") o t]%,^o„ 

where x e UD', y e VD", t € C{C,C' C"), e C{C',D'), t" G C{C",D") and 
to the obvious Z-linearity relations in all the three arguments. 
For an arrow s : C —> D in C let 

{U V)s : {U V)D ^{UQ V)C, [x, y, 1]%,^^,, ^ [x, y, t o s]g,_^„ . 

This defines the object map of : C x C — > C. The arrow map is 

(M v)c : {U V)C ^ {W V')C 

[x,y,t]c',c" ^ [fJ'C'{x),iyc"{y),t]c',c" 

where fi :U ^ U' and v : V ^ V arc natural transformations. 

This definition of the monoidal product of presheaves is nothing but the expan- 
sion, in terms of coproducts and coequalizer, of the coend 

/C' fC' 
/ UC ®VC" ®C{.,C' ®C"). 

As for the monoidal unit we set 

i:=YI = C{.,I) 

where / is the monoidal unit of C. 

The natural isomorphisms for associativity, left and right unitalness of can be 
given in terms of the corresponding data of in C as follows: 

{slu,v,w)a -.{UQiVQ W))A ^ {{U QV)Q W)A 

[X, [y, Z, S\c,jj, t\i^E '-^ [[X, y, Z, a.B,C,D O (B S) O t]B^c,D 
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lu:lQU 

{Iu)a ■■ [s, X, t\i^c ^ Uilc o (s (g) C) o t)x 

{ru)A ■ [x, s, ils^c '-^ U{tb o{B®s)o t)x 

It is left to the reader to verify that the triple (C, 0, /) together with a, 1 and r as 
above satisfy the axioms for a monoidal category. 

Proposition 2.3. The category C = Add(C°P, Ab) of presheaves over the monoidal 
Ah-category C has a monoidal structure 0, unique up to isomorphism,, such that the 
Yoneda embedding Y : C ^ C is strong monoidal and such that preserves colimits 
in both arguments. 

Proof. Uniqueness is provided by the fact that every presheaf is the colimit of 
representables. Let (C,0,/) be the monoidal structure defined above. Then the 
strong monoidal structure for Y is 

(2.5) Yc,D -.YCqYD^ Y{C D) 
{Yc,d)b ■■ [s, s', t]g,^o, ^{s(S)s')ot 

(2.6) Yo-.i^YI. 

If f/ = colim Ui and V = colim Vj then these are pointwise colimits and the (8) of 
Ab preserves colimits therefore 

UC VC" C( _ , C" (g) C") = colimij UiC VjC" C( . , C" C") . 

Taking the coend of both hand sides and using the fact that colimits can be inter- 
changed we arrive to 

UQV = colimi,^- Ui © Vj . 

□ 

How are the monoidal presheaves related to this monoidal structure? 

Lemma 2.4. For presheaves U, V andW there are natural isomorphisms of abelian 
groups 

C{U QV,W)'^ Nat(0([/ X V), W®) 
C{i,U) ^ Ab(Z,[//) 

where, here, Nat stands for the horn group in the functor category [C°p x C°p, Ab]. 

Proof. To the arrow /x : /7 © V — *■ W associate the natural transformation u : 
®{U xV)^ W® by 

iyc",c"{x(S)y) := fic'^C"{[x,y,l]c\S' ) 
and check that its inverse associates to v the arrow 

tJ'c{[x,y,t]c>^c") = Wtoi/c',c"{x®y) . 

As for the second isomorphism notice that any : I ^ U has the form ific{s) = Usr 
for a unique r € UI. □ 

Corollary 2.5. The monoids in C are precisely the monoidal presheaves on C. 
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Proof. Let U he a. presheaf. Then data {U, fi, rj) where fi : U Q U ^ U and 
rj : I ^ U are in bijection with data {U,U2,Uq) where U2 : <S>{U x U) ^ U® 
and J7o : Z — > UI by the previous Lemma. Computing the two hand sides of the 
associativity condition for /i on generic (rank 1) elements of C/0 ([/0 [/) we obtain 

{^lO (pQU) oauMM)E (["1' i'^2,U3,s]^ jj,t]^ g) = 

^ lJ.Eo{^iQ U)e ([[ui,u2, l]i'^c, M3, aA,cM o {A s) o t]f ^c-.d) = 
= UtoU{A(E) s) oUa.A,c,D ° i'a»c,d{i^a,c{ui U2) ®M3) 

and 

ifJ- o {U Q fij) E ([til, [u2,U3,s]2'^D:t]A.B) = 

flE {[ui, Us o Vc.d{u2 ® "3), ,s) = 

^Uto va,b{ui ® {Us o vc^d{u2 ® U3))) = 

= Uto U{A® s) o j/a,c®d(mi ® vc,d{u2 (8) U3)) 

from which one deduces that /i is associative iff ;^ is associative. Similarly, one can 
easily see that /i is unital iff v is unital. □ 

Recall that a monoidal category C is called left closed if for all object A there is 
a right adjoint [A, _] of the endofunctor _ ® A: C —=> C and it is called right closed 
if if for all object A there is a right adjoint {A, _ } of A _ . Applying the general 
results of [8] to our Ab-enriched situation we obtain 

Lemma 2.6. If C is left, (right) closed then so is C with left and right internal horns 
given by 



[U,V]A^ / Ah{UB,V{A(S B)) =C{U,V{A® _)) 
Jb 

{U,V}B^ [ Ah{UA,V{A(E)B))^C{U,V{.(E)B)) 



respectively. 

2.3. The monoidal extension Let F : C ^ Ab be an additive functor. For 

any monoidal structure F2 : iX)(F x F) ^ F®, Fo : Z ^ FI on F there is a monoidal 

structure on = _ F defined as follows, 
c 

(2.7) Tu,v -.TU ®TV ^ T(U V) 

{u®x)®{v®y)y-^{u,v,V(l®!^ ® Fcoix^y) 

C O ' C0D 

(2.8) Ta-.^^TI 

1 /® Fo(l) 

Lemma 2.7. The monoidal functor J- is an extension of F in the sense of the 
natural isomorphism i2.3]) being a monoidal natural isomorphism Na '■ ^YA — > 
FA, i.e., the equations 

(2.9) Na<»b o TYa,b o Tya.yb = ^ a,b o (Na Ns) 

(2.10) No o JPFo o - Fo 
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hold for all A,BeohC. 

Proof. Evaluated on rank 1 tensors ^2 on representable presheaves can be written 



C D 



CSiD 

'Pc,D{x®y) 



{x®y) 



c®r> 

{YAQYB){u®v){[lAAB,l]Ti) ® ^cA^®v) 



A, Is, -LJa.S 



\A.B 

F^,s(F(u)a;®F(w)2/) 



= (^AB)^«5s(lA»i3) ® ¥A.B{^{u)x®¥{v)y) 

therefore 

J^YA.B°^YA.YB{{u®x)®{v®y)) = lA<i^B ® ¥ a,b{^{u)x ®¥{v)y) 

C D A®B 

from which p.9|) foUows. Equation (I2.10p is obvious from the definitions (|2.8|) . ()2.6|) 
and (EHl. □ 



Proposition 2.8. Let !F : C — > Ab 6e i/ie monoidal functor extending the monoidal 
functor F : C — > Ab as defined above. Then 

(1) N/ ; ^FY I — > F/ is t/ie underlying map of a ring isomorphism from TZ := 
{Ti,J^f j,J^o) to R= {FI,Fij,Fo) and 

(2) F is essentially strong monoidal iff F is essentially strong monoidal. 

Proof (1) This is clear from jlH), ((TTO)) . 

(2) Equation (|2.9|) extends to the serially commuting diagram 



.FF^ (E)TI(E) TYB 



NA®N/«)Ni3 



FA F/ ® FB 



J^A (g) TYB 



FA® FB 



Fa,. 



:r(ryi0rB) 
:Fy(A B) 

F(A® B) 



with all vertical arrows being isomorphisms. From this we see that F is essentially 
strong iff the first row is a coequalizer for all A and B. Since every presheaf is a 
colimit of representables and preserves these colimits by Proposition l2.3l the next 
diagram with vertical arrows being the colimiting cones 



TYA^ TYB, 



TYA, TYB, 



TiYA^QYB,) 



TV TV Q v) 



FIBER FUNCTORS, SHEAVES AND BIALGEBROIDS 



13 



implies that ^ is essentially strong whenever the ^ya.yb are all coequalizers. 
Vice versa, if ^ is essentially strong then so is its composition with the strong 
monoidal Y and this composite is isomorphic to F by N. □ 

3. The adjunction associated to a fiber functor 

3.1. The strong part of ^. Assuming F is an essentially strong monoidal functor 
we have the essentially strong monoidal extension to the presheaf category. The 
canonical decompositions of F and in the sense of ^5] yield strong monoidal 
functors F : C — > b.Mr and T : C ^ izMn- 

Not willing to use both TZ and i?, however, we shall redefine the strong part T 
of ^ by composing the canonical strong part C — > tzM-r, with the isomorphism of 
categories t^A^tj. rM.r induced by the isomorphism TZ ^ B. oi Proposition 12.81 
(1) . Then we can write the 2-cell N as 




the composite of an invertible N : TY ^ F with two identity 2-cells. In this way 
both F and J- are strong monoidal functors to the same bimodule category. Insert- 
ing N = 4>N into (|2.9p . (|2.10p we see that is a monoidal natural isomorphism. 

3.2. The monoidal adjunction -\ Q. 

Lemma 3.1. Let ^ : C ^ Ab he an essentially strong monoidal functor and 
C — !■ rA4 r —> Ab be a monoidal factorization of T with T strong monoidal. 
Then the following are equivalent: 

(1) There is an essentially strong monoidal F : C Ab and a monoidal natural 

isomorphism ^ ^ _ (g) F. 

c 

(2) The underlying functor of ^ is left adjoint. 

(3) The underlying functor of T is left adjoint. 

(4) J- is left adjoint in the 2-category MonCat. 

Proof. (4) (3) Forgetting the monoidal structure this is obvious. (3) ^ (2) 
Since the forgetful functor rA4r Ab has a right adjoint, the coinduction functor 
Ab(i?°P ® i?, -), is the composite of left adjoint functors. 

(2) =^ (1) Choose an adjunction ^ -\ Q and define F := ^Y where 1" : C ^ C is 
the Yoneda embedding. Then 

Ab([/|F,A) = C{U, Ah{F .,X)) = C{U, Ah{J^Y X)) = 

^ c{u, c{Y, gx)) = c([/, gx) ^ 

^ Ab(:FC/, X) 

implying that = _ F, as additive functors. Giving monoidal structure on F 
c 

by requiring F = J^Y to be a composite of monoidal functors we are done. 
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(1) ^ (4) Let F be the strong part of F and define 

g-. rMr^ C, GM := rMr{F . , M) . 

Then using the horn-tensor relation rMr{X ® N,M) ^ Ab(X, rMr{N,M)) el- 
ements — {/ic : UC ® FC — > M}c of the hom-group rMr{U (g) T,M) are in 

c 

bijection with families v of group homomorphisms vc ■ UC rA4r{FC, M) sat- 
isfying V£, oUt = RA4R{Ft, M) o Vc for t G C{D, C), i.e., with elements v of the 
hom-group C{U, rMr{F _,M)). This proves the adjunction 

_®F H _) 
c 

i.e., J-' -\ g as ordinary functors. Since J- is strong, we may consider it as a (strong) 
opmonoidal functor. Then its right adjoint g has a canonical monoidal structure 
such that the unit rj : C QT and counit e : TQ — > rM.r^ of the adjunction are 
monoidal natural transformations [19] . According to this, the monoidal structure 
of Q is 

Qm.n = Q{^M ® ^n) ° G^gli^QN ° VgMQgN 
Qo = Q^Q^ ° Vi ■ 

Computing them explicitly one obtains 

QM Q QN = f^' J^" rMr(fc' ,M)t^ rMr{fc" ,N)(g,c(-,c'i»c") — > 

g^M ® N) 

R 

[g\g", t]^,^c" ^ ig' ® g") ° F^'C" ° Ft 

R 

(C^I)^ {FC ^ R) 
where R denotes also the bimodule rRr, the monoidal unit of rM-r. □ 
Explicit formulas for the unit and counit of the adjunction J- G are 

(3.2) T]:C^ GT, T]uC : UC ^ rMr{FC, TU) 

u ^ {x ^ u® x\, 

c 

(3.3) e-.TG^rMr, em ■■ rMr{F_,M)(»F ^ M 

c 

h® X h{x). 

c 

Corollary 3.2. For a small monoidal Ah-category C and for an essentially strong 
monoidal functor F : C — > Ab the functor TG is underlying a monoidal comonad Q 
on the category rMr of bimodules over R = FL If furthermore F is flat then the 
comonad is left exact. 

Explicitly, Q = (JFCJ, A, e), where A = J-rjG. The monoidal structure of Q is 
given by the composition of the monoidal functors J- and G, i.e., 

Qm.m' - ^Gm.m' o J^gm.gm' ■■ QM ® QM' Q{M ® M'), 

R R 

Q^^FGo^^o ■■ R->QR. 
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Let Ai^ denote the Eilenberg-Moore category of Q-comodules. Since Q is left 
exact comonad on an abelian category, its Eilenberg-Moore category A^'^ is co- 
complete and abelian. It inherits a monoidal structure (A4*^, ®, (R, Qo)) where the 

R 

monoidal product of Q-comodules is 

(A/, a) (M', a') := (M ® M' , Qm,M' ° (" ® "')) 

R R R 

and the monoidal unit is R as an _R-i?-bimodule equipped with coaction Qo : R — > 
QR. The forgetful functor M.'^ rMr is then automatically strong monoidal 
which is a rationale for denoting the monoidal product in both categories by the 
same symbol. 

3.3. The adjunction JT' H QK In this subsection we study another adjunction 
associated to our fiber functor which yields a comonad oti Mr and therefore cannot 
be monoidal. Still it is, in a sense, equivalent to the monoidal comonad Q on rM.r. 
The situation is similar to corings and bialgebroids. Comodules of corings are 
defined on one sided modules and so are the comodules of bialgebroids although 
the latter ones have a monoidal product. Thus the present Subsection can be 
considered as a comonadic version of ^28,) 1.4.]. 

In the process of forgetting rMr — > Ab there is an intermediate step when we 
forget only the left i?-module structures: (j) : rA4r — > Mr- This defines half lifts 
of the long forgetful functors denoted by and JF", respectively. 

F = C rMr Mr — > Ab 

pi 

T = C ^ rMr Mr Ab 

v ' 

Combining faithfulness of the forgetful functor cf) with the adjunction J- -\ G, 
rMr{TU,M) Mr{T^U,^M) 

(3.4) s s 

c{u,gM) ^^^''"\ c{u,g^M) 

we obtain, on the one hand, a right adjoint 5« = {iV Mr{F^-,N)} of F« 
and on the other hand, by the Yoneda Lemma, a monic arrow l : Q ^ Q'^(f>. 
ExpHcitly, {lm)c maps / £ rMr{FC, M) to / considered merely as an element 
of Mr{F>^C, (j)M). The unit and counit of F* H are given by 

(3.5) tj^-.C^g^J^K vfjC -.UC ^ Mr{F^C,PU) 

It 1-^ {x M (g) a;}, 

c 

(3.6) :Pg^ ^Mr, e^j^ : Mr{F^ -,N) ® F^ ^ N 

f f{x). 

c 

The comonad (F'^", A", el*) where A" := F'^rf'g'^ will be denoted by and its 
Eilenberg-Moore category {Mr)^* of comodules simply by TW*. This category 
has no apparent monoidal structure. 
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Later it will be useful to describe lm as an equalizer, hence a kernel, in C. For this 

purpose we introduce some notations. Let us consider rMr as the Eilenberg-Moore 

category for the monad R(E) - on A4r. Then a biniodule M can be identified with 

the pair {4>M, Xm) where Am denotes the ring homomorphism R — > End (which 

is more familiar than, but equivalent to, an action map R®(f)M — * 0M). Since FC 

are bimodules for all C £ obC, we can define i{r)c '■= Xpcir) £ EndF'C for any 

r £ R and obtain the self natural transformation t{r) e EndF' of left action by 

r e i? on the functor This induces two more natural transformations, (- [r) := 

_ (g)^(r) e EndJ^f and I (r) := MrUW), _) £ EndC?'*. Since an i?-module map 
c 

/ G Mr[F'^C, (j}M) is an i?-7?-bimodule map precisely when Aa/(?') ° f = f ° (^{r)c, 
Vr G R, and since limits in C are taken pointwise, 

(3.7) gu > gHm ! W (i)M 

L rER 

is an equalizer in C where Am, natural in M G rA4r, and L n, natural in A^ G A4r, 
are uniquely defined by 

(3.8) p,oAM = AM(r), VrGi? 

(3.9) e"prO Lat^ V(r)A,, VrGi? 

where Pr denote the projections of the product J^^. A^ in which case the g'^p,. are 
also projections of a product since g'^ is right adjoint. 

Since J-'^ = (pJ- where is a right adjoint, left exactness of T implies left exact- 
ness ofTK Therefore 

jrtgt 

(3.10) (j)j^gM > Pg^(j)M : Pg^ _Q (/-m 

L4,M r£R 

is an equalizer in Mr. 

Lemma 3.3. The pair {(f>,j) consisting of the forgetful functor (j) : rMr —>■ A4r 
and the natural transformation j := J^K : (j)Q Q^(j) of LS.10\} is a morphism of 
comonads Q ^ QK i.e., 

(3.11) A'*(/)oj = Q«jojQo0A, 

(3.12) 8^^(1)0 j ^ (j)e . 

Proof. Comparing (|3.3p with (|3.6[) equation p.l2p immediately follows taking into 
account that j maps the generic element h® x to f (i) x where f is h considered as 

c c 

a map in A4r, thus f{x) = h{x). In order to prove p. lip we need an analogue of 
(|3.12p which compares the two units. We claim that 

(3.13) LTori = if. 

Indeed, equations (|3.2p . p.Sp are adjusted together by ij^uC : gTUC — > g'^T^UC 
which is the map rMr{FC,TU) — * Mr{F'^C, J^'^U) sending h to its underlying 
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right i?- module map. Now the proof of (j3.11|l is given by the calculation 

o j = {rj^Q'^cl) o l) — 

= Pg^Tho oi-i)g = 

= Q«jojQo<^A. 

□ 

Corollary 3.4. The comonad morphism (0, j) induces a functor : Ai^ A^*^' 
which sends the Q-comodule {M,a) to the Q^-comodule {(f>M,jM o cpa) and the 
arrow {M,a) {M',a') to the arrow (f)t. Therefore the diagram 

bMr ^ Mr 

with the vertical arrows denoting the obvious forgetful functors is an identity 2-cell 
m CAT. 

Proof. Although this is well-known, see [33], we give the explicit calculations: 
A^cjjM o jM o(j)a^ T^r]^g^(l)AI o ThAI o 0a = 

= Pg^ThM o PifgM o(t)a = 
= T^g^PiM o PiTgU o 0AAf o 0a = 
= Pg^PiM o PiTgU o (l)Tga o = 
= Pg^PiM o Pg^(t)a o PlM o(j)a = 
= Q^ijM o 0Q;) o [jM o (j)a) 

and 

e'^(j)M o PiM o 0a = 0eAf o 0a = 0M . 

For a morphism (Af , a) — ^ {N,P) of Q-comodules ^'''(Af, a) tp'^{N,P) is a 
morphism of Q^-comodules. Indeed, 

Pg^(j)h o J-^tM o 0a = PlN o 0jc-g/i o 0a = 

= Jf«tiVo0/3o0/i. 

□ 

The surprising fact is that the functor ■0 is an isomorphism of categories as we 
shall see soon. At first we construct an i?-bimodule structure on Q^-comodules due 
to the fact that Q" carries a left action of R since the P does. For a Q^-comodule 
(TV, /3) let TV = (iV, A^) be the i? ® .-module defined by 

(3.14) r e Xj^{r) := N ^ Q^N >- Q^N ^ iV 

where Xj^gtivir) is, of course, the same thing as i{r)gt]y. 
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Lemma 3.5. For all r ^ R we have the identities 

(3.15) oT(r)g« = oJc-«T(r) 

(3.16) (r) o T]^ ^ {r)T^ o Tj^ 

(3.17) Pg^7{r)g^ o A» = T^'j{r)Pg^ o A» 

Proof. To prove p.lSp evaluate its iV-component on h<^ x e g^N(g)F^: 

c C 

e%Ci{r)g^N{h ® x)) = ® i{r)c{x)) = h{l{r)c{x)) = 
c c 

^e^^{ho e{r)c ®x)^ e^^iP7ir)Nih x)) . 

c c 

To prove ()3.16p evaluate the C-coniponent of its JJ-component on u S UC: 

ig^~e{r)u)c o ivfj)ciu) ^{x^u^ eir)cix)} = (Jir)PU)c o ivlj)c{u) . 

c 

Applying from the left and C/" from the right (j3.16|) implies (I3.17|) . □ 

Lemma 3.6. For each Q'^-comodule {N,f3) the : R — > EndiV defined in Jg.j^l ) 
is a ring homomorphism such that (3 — (f)(3 for a unique R-bimodule map (3 : N ^ 
Tg^N . Moreover the identities 

(3.18) T^g^\fj{r)op^P^{r)N 0(3 reR 

(3.19) Tg^Pofi^Tri^g^Nop 
hold true. 

Proof. Let us see at first if /3 can be lifted to a bimodule map: 

/3 o A^(r) = /3 o £«iV o 7{r)g^N o (3 /3 o e«iV o P^J {r)N o (3 = 

= e^Pg^N o p7{r)Pg^N o pg^p o /? = 

= e^J^^g^N o Ti7{r)Pg^N o A^TV o (3 

= e^Pg^N o Pg^7{r)g^N o A»7V o /3 = 

= 7(r)g»iV o el'j^^'gl'iV o A»7V o /3 = "/(^^^^iV o = 

= Xyrg»]sj{r) o (3 . 

This implies that for all r,r' € R 

AAr(r)A^(r') = e«iV o 7{r)g^N o /3 o A^(/) = 

= e^N o ~t{r)g^N o ~t{r')g^N o[3^e^N o ~l{rr')g^N o (3 = 
= A^(rr') 

and A^(1k) = e'iV o (3 ^ N , obviously. Next we show ([SAS]) . 

^''e''A^(r) o /3 = J^^e'e'TV o jC-«g«7(r)g«iV o A^TV o (3 

= T^gh'^N o T^'l{r)T'^g^N o A^TV o /? = 

= T^'j{r)N o Jc-SgfeSiV o A» o /? = P^l {r)N o /3. 
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Finally, applying the faithful to (I3.19P we get the associativity property of the 
Q'-coaction p. Hence p.l9|) is an identity, too. □ 

Lemma 3.7. The correspondence (N^P) i— > N defined by 113.14^ is the object map 
of a unique functor 'E, : A4'^ — > rA4r such that 0S = J^^ . 

Proof. Since maps an arrow {N,P} {N',13') to its underlying i?-niodule 
map f : N N' , it suffices to show that all such f-s are actually left _R- module 
maps, too. Indeed, 

Ajv' W ° / = 4' ° ^ir)g^N' o/3'of = £%,o 7{r)g^N' o Pg^f o f3 = 
= e5v' ° ^^G^f ° ~t{r)g^N o /3 = / o o ~i{r)g^N o (3 ^ 
= /°A^(r) 

for all r eR. □ 

Next we want to show that the bimodule N constructed by S(iV, /?) is underlying 
a Q-comodule {N, a) in such a way that (iV, /3) i— > {N, a) provides an inverse functor 
of ip. For this purpose we define a by the universal property of the equalizer (|3.10|1 . 
i.e., by the diagram 



(3.20) 




To this end we need to show that P equalizes the pair j" which seems to 

*Ln 

follow easily from ()3.18p since the latter can be obtained from the pair by applying 
the 'projections' J-^g'^pr- However, this is a wrong argument because in passing 
from p.7p to p.lOp the JT*, although preserved the equalizer, destroyed the product 
structure of g^ Yir ^^^^^ expectation holds true by the next 

Lemma 3.8. For any Q^-comodule {N,P) let N be the R-bimodule constructed 

:F»g«Aj^ 

in \3.14-^ . Then P equalizes the pair j" and the unique arrow denoted by 

4>a in US. 20\) can be lifted to rA4r as an arrow a that makes the pair {N, a) a 
Q-comodule. 

Proof. Let pr andp^ for r G i? be the projections of the product N and Q^N, 
respectively. Define 

(3.21) 'Ln -.Q^N ^UQ^N by p', ^ ^ ~t gmir), Wr 

reR 

(3.22) En -.YlQ^N ^Y[n by Pr o En = e^^ o p'^ , Vr . 

r£R reR 
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Then 



— e^j^f op'^o L N o [3 — pr o Em o L n ° P 



implies 
(3.23) 

On the other hand, 



A 



N 



Epf o L pf o p . 



g^Pr o Ln'^ J{r)N = i {r)N o g^e^ o = o £ (r)Q,^ o g^f] 

g^e^Nogip'^otQ»Nogif3 = 
g^Prog^ENotQiNog^f3 



imphes 
(3.24) 



LN = g^ENO LQ>Nog^f3. 



Taking the of (|3.23p and the JF* of p.24p we see that (3 should equalize the two 
composites in the diagram (not a commutative one) 



(3.25) 



- «2 

N 



When composed with /3 the two Q^f3 arrows can be replaced with AJ^- The resulting 
diagram is now the J-'^ of a commutative diagram. As a matter of fact, 

g^Pr o g^EN o g^^N o vI>n = ^"4 ° S^P'r ° G^^N o = 

= e«4o^«t(r)g,jv°4«A^ = 

holds for all r € i? and the g^Pr are projections of a product. This finishes the 
proof of Afj o (3 = J^'^ L N o p and therefore the existence of a unique arrow in 
Aiji making p.20p commutative. That this arrow can be lifted to rA4b^ follows 
from that both (3 and ^^L]<f are in the image of (j), see Lemma 13.61 ^-nd from the 
fact that ThN is monic. This a : N ^ QN therefore satisfies 

(3.26) TifjOa = j3 

where [3 was defined in Lemma 13.61 
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Finally, 

TlTQ^N o TQTlN o {Qa o a) 
— TlTQ^N o TQI5 o a — [interchange] 

TPin T AT 

= TyfQ^N o TlN o a 
= TlTG^N o T-qG^N o TlN oa^ [interchange] 
= TlTG^N o TGTlN o (A7V o a) 
proves associativity of the coaction a and 

<i){eN o a) e^N o T^lN o 0a = 

proves its counitality. □ 

Proposition 3.9. The functor ip : A4^ Ai'^* defined in Corollary \3.4\ is an 
isomorphism of categories and the functor S : M'^ rMr defined in Lemma 
15. 71 is comonadic. 



Proof. The object map of a functor V' ^ '■ TW*^" — >■ has been given by {N, (3) 
(iV, a) in Lemma For arrows {N, (3) — > {N' , /?'} we can define as / which 

is the bimodule map f : N N' oi Lemma l377l Indeed, / satisfies Qf oa = a' o f 
because 

= ° / = j^v' ° <?^"' ° <?^/ 

and is monic, is faithful. 

The composite functor maps the object {N,f3) at first to {N,a) and then 

to (A^, j^o0a), see Corollary [331 But this object is just {N,f3) by p.20p . Therefore 
ipip~^ is the identity fimctor. The composite functor maps the object {M, a) 

at first to (0M , jm o 0a) and then back to (Af, a) since a is the unique solution in 
diagram (|3.20p . Therefore ^'''^ijj is the identity functor, too. 

As for the comonadicity of S notice that S = T^^j^^ and the canonical forgetful 
functor T'^ is comonadic. □ 

3.4. Digression: The actegory picture. The relation of the comonad on 
Mr to the monoidal comonad Q on rAAr suggests an actegory interpretation. 

Consider Mji as a right i^TW^-actegory, i.e., a category on which the monoidal 
category rMr, acts on the right. The forgetful functor : rM.r, Mr, then 
becomes a morphism from the right regular flA^^-actegory. This is manifested in 
the natural isomorphism 

0L.M : 0£ M ^ 0(L ® M), L, M e bM r . 

R R 
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Then we can also define 

for [/, y e c, 

R 

by 

and finally 

Q^N,M ■■= J^^Gi,M°J^liN.gM ■ Q^N(^QM ^ Q«(Af(|M), N G X^^, M e rMr . 

All these natural transformations obey coherence conditions which look like the 
relations of monoidal functors except that the left most object is 'smashed' to 
the actegory. Also the monoidality relations of 77, e have analogous actegorical 
counterparts involving one 77 (resp. e) and two 77" (resp. e"). 

Lemma 3.10. The monic natural transformation t : Q Q^(j) defined in jS.lf is 
such that for all bimodules L, M G rMr. the diagram 

Gl.m 

GL GM ^ GiL (g) M) 



LL GM 



GHiL M) 

R 

G'^'pL.M 

^<I>L,M ^ 



GK<t>LQ GM) ■ K GK<I>L(E)M) 

is commutative. 

Proof. The A component {iL)A of ll maps / : FA L to (f)f : F'^A — > (j)L. 
Therefore on a generic element [f,g,t]'^Q the lower threefold composite performs 

R ' 
R ' 

= m ® 9) ° FX'b ° Ft) = cfGLMiif, 9, t]A.B) = 

R 

= l-mM o GL.M{[f,9it\'l.B) 

R 

which is the same as what the upper composite does. □ 
Corollary 3.11. is a right AA^ -actegory by defining 

{N, 13) (M, a) := {N M, Q^^^^ ° (/? ® ")) 



and the functor ip : Ai'^ M.^ of Corollary \3.4\ can he endowed with a natural 
isomorphism 

^(M,a),(j\/',a') : ^{M,a) {M',a') ^ ^{{M,a) (M',a'}) 
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lifting (j>2 so that ip becomes an isomorphism of Ai'^ -actegories from, the regular 
actegory. 

Proof. Showing that <j>2 lifts to il>2 means that the components 4>m,m' are morphisms 
of comodules. Apart from a naturahty square for (/)2 this is commutativity of 

3M<^QM' „j 

(pQMi^QM' > Q^M<»QM' i Qi{(f>M^M') 



4>QM,QM' 



<pQm,m' - 



(j){QM®QM') ' ) (j)Q{M(^M') — ^ Q^{M ® M') 

Since j = J^h, commutativity of this hexagon can be shown using the pentagon 
diagram for t in the above Lemma: 

Q^^M,M' O QKm M' ° Um O QM') = 

R 

•^'('-MOM' O Gm,M') ° ^QM.QM' 

■ ' o (t>^GM,M' ° 4>^gM.gM' ° 4>rgM,j^gM' = 

B 

jMt^M' o 4'Qm,M' O 4>QM,QM' ■ 

R 

□ 

4. The comparison functor 

4.1. The adjunction /C H £. The comparison functor /C associated to the left 
adjoint functor J- is the functor 

(4.1) IC-.C^M'^, ICU = {TU,Tt]u)- 

The monoidal structure of J- induces the following monoidal structure on /C: 

R R 

ICo = {R,Qo)^{TI,Tvi). 

Lemma 4.1. The comparison functor /C : C — > Ad*^ is a left exact strong monoidal 
functor which is uniquely determined by the factorizations 

of monoidal functors. In particular, we obtain F as the composite 

C mQ 



Y 



C rMr 
of three strong monoidal functors. 
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Proof. The characterization of the comparison functor by these factorizations is a 
well known fact of (co)monad theory. Here we only need to consider comonads in 
the 2-category Men Cat. The diagram is then obvious. Strong monoidality of K- 
foUows either from the above explicit formulas for IC2 and JCq or, formally, from 
the factorization T = J-'^JC using that bothJF and are strong monoidal and 
T'^ reflects isomorphisms. Left exactness of /C also follows from T = J-'^JC. As a 
matter of fact, is left exact and being faithful, reflects monies therefore K. 
preserves monies. But both C and are abelian categories, hence by standard 
arguments one can see that /C preserves kernels. Since K, is additive, it preserves 
finite limits, too. □ 

The functor K, can be equivalently formulated as the pair {T , a) where a = J-rj : 
T —t QT is a monoidal natural transformation satisfying the coaction conditions: 
Qa o a = o a and eJ- o a = T . Similarly, if O is a monoidal comonad on 
rM.r and Z : C Ai^ is a strong monoidal functor such that T'^E = T then 
EV — {TV ^ uju) with uj : J- OJ- a monoidal natural transformation satisfying 
the coaction conditions for O. However, the pair a) is universal among them. 

Lemma 4.2. For a strong monoidal left adjoint J- : C ^ rMr consider the 

category of factorizations C — ^ M"^ — > rJ^r. of T through the forgetful functor 
: Ai'^ — > rA4r, of a monoidal comonad O on rMr. Then the comparison 
functor JC is an initial object in this category. 

Proof Hint: By adjunction from behind Nat(.F, OT) ^ Nat(j^^;, 0),uj^(p, there 
is a bijection between the set of monoidal natural transformations lo : T ^ OT 
satisfying the coaction conditions and the set of monoidal comonad morphisms 
( rMri f) : Q ^ O. Therefore all factorizations of IF have the form 

This If is unique since lu i—f Oe o luQ inverts ip ^ ipj- o Trj. □ 

For later convenience we introduce a functor K : C ^ Ai'^ isomorphic to the 
composite functor ICY as follows: 

(4.2) KC := (FC, 6c), where Sc := TGNc ° Trivc ° N^^K 

Then a natural isomorphism ICY ^ K is given by {TYC,J-riYc) {FC,5c) 
with N defined in 

It is well known in comonad theory that the comparison functor has a right 
adjoint precisely if its domain category has certain equalizers. The category of 
presheaves C has all equalizers, in fact it is complete, cocomplete and even a 
Grothendieck category, therefore a right adjoint £ of /C exists. It can be defined by 
choosing equalizers 

*{a/,q) rjQM 

(4.3) £(M, a) > ghl ! gj^GM 

Qa 

for all objects (M, a) G Ai^ . Then the action of C on arrows is uniquely determined 
and makes i a natural transformation C QJ-'°^ . 

Computing this presheaf on an object C one obtains, up to isomorphism, the 
abelian group 

(4.4) C{M,a)C ^ Ai^{KC,{M,a)) 
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which consists of bimodule maps / : FC M satisfying a o / = Qf o Sc- More 
precisely, setting (|4.4p to be the equahty for all C defines a choice of the equalizer 
in (j4.3p . With this definition the natural transformation i just embeds this abelian 
group into i^Mr{FC, M) = QMC. 

The counit B and the unit v of the adjunction /C H i2 can be obtained as the 
unique arrows making the diagrams 

Tli{M, a) 

(4.5) ^'^S{M.a) 

T 

a 

M ) 

for all Q comodule {M, a) and 
U 



rigTU 

\ QTGTU 

Proposition 4.3. The adjunction v^O : JC -\ C : Ai'^ C is a monoidal adjunction 
in which 9 is invertible and K, is left exact strong opmonoidal. Therefore C is a fully 
faithful monoidal functor with a left exact left adjoint, i.e., a monoidal localization. 

Proof. Consider the strong monoidal functor /C as an opmonoidal functor. Then 
its right adjoint carries a unique monoidal structure such that the given adjunction 
data v and 9 become monoidal natural transformations. That makes the adjunction 
VjO : K. -\ C : M'^ C automatically an adjunction in MonCat. 

Since J- is left exact, it preserves the equalizer (|4.3p . Therefore the dashed arrow 
in (|4.5p is an isomorphism. But is comonadic hence reflects isomorphisms. Thus 
9 is an isomorphism, i.e., C is full and faithful. □ 

4.2. The adjunction K) -\ CK The construction of /C H £ in the previous subsec- 
tion can be repeated without much change by starting with the functor J-^ instead 
of T . The only difference is that we will be lacking of any monoidal structure of 
these functors. 

The comparison functor /C" : C ^ AA'^ , defined by the factorizations JT* = 
^Q'/C«, gQ' =g«/C«, is given by 

K}{U ^V) = (^{T^U,Thilj) ^ {TW,Thfy) 
A right adjoint for K? can be defined by the equalizers 

(4.7) £^{N,f3) ^ <~g^N^^=tg*Pg*N 




Am 

TgM e Tgrgu 

Tga 



(4.6) 



T 

LKXJ 



Jlu 



gru 



for all presheaves U , respectively, commutative. 
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for {N,P) e M'^' . The analogue of Proposition 14.31 can now be stated without 
proof. 

Proposition 4.4. The comparison functor is the reflection of a localizationL^ : 
M'^ ^ C which can be given on objects {N,P) £ as the subfunctor 

£^N,f3)C ^ M'^\k'>C,{N,/3)) c MB.{F^C,N)^g^NC 

where if" := : C — > Al'^'' with -ip denoting the category equivalence defined in 
Corollary\34\ 

Explicit formula for the functor is K^C := (F«C,<5^) where <5« := jF o (t)5 
with 5c defined in (|4?2l) . 

The unit and counit of /C" H are denoted by i/" and 6*" , respectively. They are 
uniquely determined by the equations 

(4-8) °''u = '4j 

(4.9) 

for all objects C/ £ C, {N,(3) G in complete analogy with ((i?^ and (Ii3)l . 

In the rest of this subsection we wish to compare the two adjunctions /C H £ 
and /C" H in order to see the relation of CK, to C^10 . At first we compare the 
comparison functors. Computing 

TplCU = ij{TU, TriU) ^ {PU, PlTV o PriU) 

we get an equality of functors: 

(4.10) = /C". 

This complies with the definition of as '>\}K in the above Proposition and leads 
to another variant of the natural isomorphism iV : TY ^ F of (13. ip . As a matter 
of fact, since 

8^ oi^N = PlF o(\)bo(\)N PlF o 0QiV o P^Y = 
= Q«0iV o PlTY o J'^'r/y ^^3^ Qf^AT o PrfY , 

the arrow 

{pYC^PrfYC) ^ {F^C,5^C) 

is a morphism of (^''-comodules and defines the C-component of a natural isomor- 
phism N : K}Y ^ such that J^^V = (t)N . 
Next we compare the equalizers defining C and 

Lemma 4.5. There is a unique natural transformation m : C ^ £"-0 such that 
i^ip o m = lJ-'^ o i. 
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Proof. The equalizers defining C and are connected by the foUowing seriaUy 
commuting diagram: 



C{M, a) 



i(M,a) 



QM 



(4.11) 



C^iM, a) 



i^ip{M,a) 



g^T^g^(f)M 



Indeed, 



lJ-L]\i o TjgM ~ (lJ- o r])g^(f)M o lm ~ ifg'^cjyM o lm 
and o ga = g'^T^iM ° lTGM o (^a = o g'^(l)a o lm ■ 

Therefore lm ° i{M,a) factors uniquely through 

Lemma 4.6. m : C ^ C}i\} is a natural isomorphism satisfying mlC o v = 
Proof. Since is monic, the calculation 

i'/C' o mJC o V — [i^^jj o m)/C o v ^ lK, o iK, o v — 



= ifL o rj = if = 
— I'K,* o t/" 

proves the relation and therefore m can be expressed as 

(4.12) C^e o v^C = C^e o mice ovC^mo Ce ovC^ 



□ 



It follows that m is the standard isomorphism connecting two right adjoints of a 
functor. Namely, u^9 : IC -\ C and ^ijj'^O'^^ : K. H £'-0 are two adjunctions, 
therefore m~'^ = C^~^9'^iIj o vC^ip is the inverse of m. □ 

The next Proposition summarizes the content of this section and serves also as 
input for the next section. 

Proposition 4.7. Let C be a small monoidal Ab-category and F : C Ab a flat, 
essentially strong monoidal functor. Let T : C ^ rM.r be the strong part of the 
left Kan extension of F and let J-'^ := (pj- : C Ain,. Then there is a construction 
of 

(1) a monoidal localization C : C with reflection being the comparison 
functor /C associated to the left adjoint J- and with adjunction data v, 6 : 

(2) a localization C) : M'^* C with reflection being the comparison functor K} 
associated to the left adjoint T'^ and with adjunction data u*^ ,9^ : K) -\ , 

(3) a left exact, monoidal idempotent monad T — (T, /i, v) on C, where T = CK, 
and fi C9!C, satisfying the property 



(4.13) 



T{UQvv), T{vuQV) are mvertible 'iU,VeohC, 
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(4) a left exact idempotent monad T' — {T^, /i", i/") on C, where T" = C^K.^ and 

(5) a monad isomorphism 

Proof. (1) and (2) have been shown in Propositions 14.31 and 14. 4i respectively. 

In (3) the only nontrivial fact is property (|4.13|1 . It suffices to prove that IC{U 
I'v) is invertible for all presheaves U and V. This follows from that IC is strong 
monoidal and C is fully faithful. Indeed, QIC o fCv — K,hy adjunction, hence 1C{U 
vv) = ^u,TV ° {I^U JCvv) ° ^uv invertible. 

(4) is obvious and the monad isomorphism of (5) is mlC provided by Lemma 14.61 
since we not only have mlC o v — v"^ but 

e 

as well, therefore 

m/C o fi = mJC o C0K. = C^ipOIC o mJCCK. = 
= C^d^iPIC o C^lOmlC o mKClC = 
— fi^ o T^mlC o mJCT . 

□ 

5. The monoidal idempotent monad T and its sheaves 

In the previous Section we have constructed a left exact monoidal idempotent 
monad T on the presheaf category C satisfying a special property (|4.13p . While left 
exact idempotent monads on C are known to correspond to Grothendieck topologies 
on C [1] and in this way to sheaf categories that are the EIlenberg-Moore categories 
Ct, monoidal monads in general do not have monoidal Eilenberg-Moore categories. 
Only the Kleisli category carries monoidal structure. We shall see that property 
(j4.13p solves this problem. 

5.1. The monoidal structure of T-modules. In this subsection T denotes a 
monoidal idempotent monad (T, /i, v) on a monoidal category (C, 0, /). This means 
that (T, /i, v) is a monad with invertible multiplication /i : ^ T, T is a monoidal 
functor with structure maps Tuy : TU QTV ^ T{U QV), : I ^ TI and both 
pL and V are monoidal natural transformations. The latter means that 



(5.1) Tuy o {tJ-u ^J'v) = Mc/0y o TTuy o Ttu,tv 

(5.2) To = o TTo o To 

(5.3) Tuy o {vu vv) = vuQV 

(5.4) To = . 



Due to idempotency, i.e., invertibility of /i, a pair {U,a) is an object of the 
Eilenberg-Moore category Cj associated to the monad T iff i/jj is invertible and in 
this case the action a : TU — > [/ is unique: a — Vj}^- The canonical adjunction 
V, T : Tj -\ Qt : Cj ^ C associated to the monad T consists of a left adjoint 
Tj-.U^ {TU,piu) and a right adjoint Qj : {U.Vjj^) J7, the forgetful functor, 
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which, due to naturahty of is fully faithful. The unit of the adjunction J-j H Qj 
is the unit of the monad, i.e., i^, and the counit is 

(5.5) T-.Tjgj^Cj, T^,J^^-^^^{TU,^^u)'^ {U,iyu')- 

Definition 5.1. The monoidal idempotent monad T is called special if it satisfies 
the invertibility condition of (|4.13p . 

Proposition 5.2. For a special monoidal idempotent monad T on a monoidal 
category C let Cj be its Eilenberg-Moore category of J -modules. Then Cj has a 
monoidal structure with 

• monoidal product: {U, i'^^) (V, i^y^) {T{U V), l^u&v) 

• monoidal unit: (TI,^j) 

• and coherence isomorphisms: 

^{u.^-').{v.^-'),{w.^-,}) — T{vuQV Q)W)o Ta.u,v,w ° [TiU i^vQw)r^ 
V.-> ■■=luo,.J^^o[T{^^QU)]-' 
^(U,.-^) :=r^oi.^;,o[r(C/0^.^.)]~i 

where aiu,v,w, 1(7; denote the coherence isomorphisms ofC. 

Proof. Note that by naturality of v, h'u^^u = TXjjoVjqu, therefore i^iqu is invertible 
whenever vjj is. This shows that is well defined. By a similar argument 

i^UQi is also invertible in the definition of r^j^^^-i^. 

Note also that the formulas for a, 1 and r in fact give the Qt of these arrows 
and our first task is to show that the given composite arrows can be lifted to yield 
arrows of Cj. This means that they have to satisfy 

These relations follow easily from naturality of fi, v and from the monad axioms. 
The details are omitted. 

As for the naturality of the resulting associator in ([/, I'u^), . . . , etc notice that 
the objects of Cj that enter are all tensor products and therefore their T-actions 
are components of /i. Thus naturality of fi guaranties naturality of a. For 1 this 
argument does not work but we can check it explicitely: For all a : {U,^^^) 

\v,.-^) ° «) = ly o o T{i a) o [Tiv^ U)]-^ = 

= ly o (/ a) o vZ^^ o [T{vi - 

We turn to the proof of the coherence constraints. In the calculations below it 
is important to note that for arrows a, (3 S Cj the [Qj of their) monoidal product 
is T(a0/3). 



K. SZLACHANYI 



The pentagon relation: 

= T{T{vuQV QW)QZ)o T{T&uy,w Q Z) o T{T{U uvqw) Z)-^o 
°T{vuQT{VQW) Q Z)o Tau^T{vew),z o [T{U i^T{vew)Qz)]^^o 

oT{U © T{uvew Z)) o T{U Tav,w,z) ° T{U © T{V © uwqz))~'^ = 
= T{T{vuQV © H^) © ^) o T{Ta.u,v,w Q Z) o T{vuQ(yQW) © Z)o 
o[T{{U QvvQw) Q Z)]-^ oTb^u ,T(VQW),Z ° T{U © {VVQW Z))o 

o[T{U ViVQW)Qz)]~^ ° ^'(C^ © Tay.vy.z) o T{U T(y © VWQZ))-^ = 

= T{T{vuQV H^) ^) o T{v(UQV)QW Q Z) o T{a.u,v,w G) Z) o Tau,VQW,z 
oT{U © av,w,z) o [T{U © uvQ(wez))]~^ ° T{U T(V © i^woz))"' = 
= T{i'T{UQV)QW ®Z)o T{{vuQV © ■Z') o TauQV,w,z ° Tau,v,WQZ° 

o[T{U @{VQ lyWQz))]-^ O [T{U © UyQTiWQZ))]-^ = 

= T{ut(uqv)qw & Z)o TaT{UQV),w,z ° T{vuqv (W^ Z))o 

o[T{(U VWQZ)]~^ O Tau,v,T{WQZ) ° [T{U VVQTiWQZ))]'^ = 

= r(i/T(c/0V)0w QZ)o TaTiUQV),w,z ° [T{T{U QV)® ywQz)\~^o 
oT{vue,v T{W Z)) o Ta[;^y^7^(H.oz) o [T^l?^ © vvqt(wg>z))]~'^ = 

= ^{UM-^)r^{VM-^),{W,v^'-),{Z,v-^)°^{U,^-^),{V,v-^),{^^^ ■ 

The triangle relation: 

= r(rc; V) o T(i/-i - V) o [r(T([/ J.;) V)]-' o r(i.^Q„- © v)o 

= T(rt, V) o ra^_,^_^ o [r(C/ (I.,- o [T{U ^^^q^)]"^ = 

= T{u V) o [r(t/ lyj^y)]-' o [r(c/ = r(c/ © i^^^^-x^) = 

= (c^,^y'>©V,-v'>- 

Coincidence on the unit object: 

l<T/,Mi) = It/ ° ^7eT/ ° [^('^Z ^^)]"' = '^Tf ° ^1t/ ° [^('^f © TIT' = 
= [Til-] o j^i)]-' o [T{,.f TI)]-' = [T((7 Uf) o If)]-' o [Tiuf T7)]-i 

= Tlf o [T{uf © TI) o T(7 = Tvf o [T(T7 Uf) o T(!/; 7)]-^ = 

= [T{{uf 7) o rf)]-' o [T{Ti © vj)]-' = [T(r;) o z.,-)]"! o [T(T7 © 

= ° ^"-T/ ° ^/)]"' = "-Ti ° ° [^(^^ = 
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Proposition 5.3. The monoidal structure defined above on the sheaf category Cj is 
such that the canonical adjunction J-j Qj is a monoidal adjunction and T = QtJ-j 
as monoidal functors. 

Proof. It easy to check that 

(5 i^-rh.v : {T{TU TV),tiTUQTv) {T{U V),fiuQv) 

{Tj)o : (r/,M/) TtI 

is a monoidal structure on J-j and 

(5 7) iST)^u,.-).xv..-^) --UGV T{U V) 

(^t)o : / — Ti 
is a monoidal structure on Qj. The J-j is strong monoidal because 

T{U QV) = fiuQV ° TvijQV = t^U&v o TTu.y o T{vu vy) = 
= {^t)u,v ° T{vu TF) o T{U i/v) 
Moreover, the unit of the composite QjTj is Qt{Tj)^ which is just Vj — Tq and 
{Gt^t)u,v = Gt{^t)u,v ° (^t)jct;7,j^tV = l^UQV ° TTijy o vtuqtv = 

The unit of the adjunction J-j H Qj is therefore monoidal. In order to see 
monoidality of the counit (j5.5p we compute 

{^TQj)(^lj^^~^)_(y^^-^) = TvuQV ° A^t/QV o TTuy — TTuy 
(^TeT)o - Tl^^ = TTo 
and check up on the monoidality relations 



T 



'^(Ti,^i) ° (•^t'?t)o = i^y) o T'i^/ = ° Ti^/ = TI = (Ct)o • 

□ 

5.2. Monoidal Grothendieck topologies. Recall that, in the additive setting, a 
Grothendieck topology on C consists of families T(A) of (additive) sieves S ^ YA 
for each A G obC such that the following axioms hold: 

(i) YA belongs to T{A) for aU A e obC. 

(ii) If 5 e T{B) and / G C{A,B) then /-H-S) e T{A), where /"^S') denotes the 
puUback 

f-\S) > S 

p.b. 

YA > 

(iii) If S* G '?"(C') and i? ^ FC is any sieve satisfying s^^{R) G T(doms) for all 
s G 5 then i? G T{C). 
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Theorem 5.4. Let T be a left exact idempotent monad and define for each A Cz ohC 
the family T(A) as the family of subfunctors i : S ^ Y A for which Ti is invertible. 
Then T is a Grothendieck topology on C and a presheaf U is a T -sheaf precisely 
when vu is invertible. Therefore the Eilenberg-Moore category Cj of T -modules 
can be identified with the category of T -sheaves by restricting the codomain of the 
forgetful functor Qj : Cj ~* C. 

Proof. This is a standard result in (Grothendieck) topos theory [U [22] so we only 
sketch the proof. For t G C and U £ ohC let l -L U denote the situation that every 
natural transformation A : domt U has a unique extension A along l, i.e., such 
that A o t = A. Let £ be the set of arrows in C inverted by the monad T. Then for 
a presheaf U the following conditions are equivalent: 

(1) L ± U for all i G £ which is a sieve, i.e., for all l ^ T. 

(2) L ± U for all i G £ which is monic. 

(3) L ±U for aU l G £. 

(4) h'lf is invertible. 

Since condition (1) means precisely that U is a T-sheaf, the Theorem is proven. □ 

It is also well-known that left exact idempotent monads on the presheaf category 
C of a small category C are in bijection with certain factorization systems on C which 
in turn are in bijection with Grothendieck topologies on C. When C has a monoidal 
(and additive) structure we may ask for the conditions either on the factorization 
system or on the Grothendieck topology that correspond to the idempotent monad 
being special monoidal in the sense of Definition 15.11 Before elevating this to a 
definition it is worth observing that the property of being " special" already implies 
special monoidality. 

Lemma 5.5. Let T — (T, /i, ly) be an idempotent monad on C such that T(U G vv) 
and T{i>u V) are invertible for all U,V ohC. Then there is a unique monoidal 
structure on the functor T such that T is a special monoidal idempotent monad. 

Proof. Since uu Quy = {vu © TV) o[U Qvv), it is inverted by T. Therefore every 
natural transformation from U QiV to some TW extends uniquely along vu Q vv: 
i.e., vu Qvv ^ TW. Therefore the equations (|5.3p . (|5.4p expressing monoidahty of 
V have unique solutions for Tjjy and Tq. This proves uniqueness and also constructs 
candidates for the monoidal structure. It remains to prove that the so defined triple 
(T, T2,Tq) is indeed a monoidal functor. Since i^u Q i^v Q i^w is also inverted by T, 
the hexagon condition (associativity of T2) follows from the calculations 

Tu,VQW o {TU Tv.w) ° (fu (j^y © t^w)) = Tuyew ° {^u © ^^vqw) = 

= ^UQiVQW) 

TuQV,w o [Tuy © TW) o {{vu vv) © vw) = Tuqvm ° {^^uquv © ^w) = 
The left unitality square follows from that / i/y is inverted by T . Indeed, 

Tly o Tj y o (To TV) o (/ w) ^ Tlv o Tj y o {lyj i/y) = 

= Tlv o i^iQv = i^y o ly = 
= Itv o (/ J^y) . 

Right unitality can be shown similarly, using invertibility of T{uij /). □ 
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Definition 5.6. Let T be a Grothcndieck topology on the underlying Ab-category 
of the small monoidal Ab-category C and let T = (T, /i, v) be its left exact idem- 
potent monad. Then we say that T is monoidal if T{U vy) and T{i/u V) are 
invertible for all U,V G ohC. In this case the pair {C,T) is called a monoidal site. 

Lemma 5.7. Let T be a Grothendieck topology on the small monoidal Ah-category 
C and let {£,A4) be the associated factorization system. Then T is monoidal if and 
only if £ is closed under the monoidal product, i.e., 

a,P £ 8 => a(D P e £ . 

Proof. Clearly, if £ is closed under monoidal product then Q V and U Q vv 
belong to £ whatever presheaves the U and V are since £ contains all the identity 
arrows. Therefore T is monoidal. Assuming T is monoidal we have for all U V 
in £ and for all objects W in C the commutative diagram 

T{UQW) It^^ T{VQW) 



T(i^vQW) 



T{TU(DW) T{TVQW) 

which contains 3 invertible arrows, hence T(a W) is invertible, too. Similarly, 
one obtains also W Q a £ £ . Since £ is closed under composition, this implies that 
it is closed under monoidal product, too. □ 

It is easy to see that any flat additive functor F : C ^ Ab determines a 
Grothendieck topology Tp by 

(5.8) Tf{C) :— {S sieve on C\S is a jointly F-cpimorphic family of arrows} 

= {S sieve on C\ix e FC 3s E S,y e F{doms),Fsy = x} . 

Lemma 5.8. If F : C ^ Ab is an essentially strong monoidal fiat functor then 
the monoidal Grothendieck topology on C determined by the idempotent monad T 
of Proposition \4-. 7| is precisely the F -topology Tp. The sheaves for this topology are 
those presheaves U for which is an equalizer in 

(5.9) jj ^ 'lu — ^ g^j,^^ j gijrigijriu 

or, equivalently, rju : U ^ QTU is an equalizer in the analogous diagram. 

Proof. A subfunctor S YC belongs to T(C) iff Ti — CJCi is invertible and, 
by faithfulness of £, iff ICi is invertible. Since the forgetful functor M'^ rMr 
reflects isomorphisms, this happens precisely when Ti is invertible and, by left 
exactness of T, this is the same as J-i being epimorphic, i.e., Ti = i F being 

c 

epimorphic. Composing this arrow with the coequalizer (j2.1l) we obtain that Ti is 
epimorphic iff the map 

]J SA®¥A~^ FC, ^ Si Zi ^ ^ FsjZi 

j46obC i i 

is epimorphic. Using flatness of F the tensor product S' F can be computed set- 

c 

theoretically, by replacing the coproduct of abelian groups with disjoint union, we 
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see that the hnear combination can always be chosen to consist of a single term. 
This proves that T — Tp. 

J7 is a T-sheaf iff vij is invertible and by diagram (j4.6p this happens precisely 
when riu is an equalizer of the pair given there. By Lemma [4.6l this is also equivalent 
to v\j being invertible, i.e., r;^ being an equalizer. □ 

Unfortunately we cannot check monoidality of T directly in terms of its sieves; 
a characterization of monoidality of T without reference to its idempotent monad 
is still to be investigated. 

^From the point of view of Tannaka duality the only interesting topologies are 
the subcanonical topologies. These are the Grothendieck topologies for which every 
representable presheaf YC is a sheaf. If Tp is subcanonical we shall say simply 
that F is subcanonical. In the next subsection we shall find conditions for F to be 
subcanonical. As an extreme example consider the coarsest Grothendieck topology 
on C in which the only covering sieve on C is the maximal sieve YC. This is 
obviously subcanonical: Every presheaf is a sheaf. If Tp is the coarsest topology 
we say that the flat functor _F is a coarse functor. In Section [7] we describe a wide 
class of categories C on which coarse fiber functors exist. 

5.3. The embedding theorem. In this subsection we would like to find condi- 
tions on the fiber functor which ensure that the Yoneda embedding factors through 
the monoidal embedding Qj of T-sheaves into presheaves. 

Lemma 5.9. With the notations of Proposition the composite functor JCQj is 
an equivalence of monoidal categories Ct — M'^ and IC^Gt is an equivalence of 
categories Cj ~ M'^ . Thus J-Qj : Cj — > rM.r. is comonadic, left exact and strong 
monoidal and T'^Qj : Cj ^ Aiji is comonadic and left exact. 

Proof. It suffices to show that K.Qj is an equivalence of monoidal categories. This 
will follow from the fact that the natural isomorphisms 

e* := 6* o K.Ce : JCCICC = JCQj^jC 

V* ■= ^tvGj o t^^ : Cj TtQi^tGi = TjCJCQj 

provide the counit and unit of a monoidal adjoint equivalence 

(5.10) ri*,e* -.ICGj ^TjC. 

As a matter of fact, both e* and if are built from vertical and horizontal composites 
of monoidal natural transformations, hence they are monoidal. Furthermore, 

TjCe* o f^*TjC = TjCe o TtCJCCO o TjvClCC o t-'^TjC = 

= Tj{C6 o uC) o TjCe o T^'^TjC = TjCe o {tJ'jC)-^ = 

= Tj{C6 o uC) = TjC 

and 

£*K.Qj o ICQjrj* ~ 9ICQj o JCCOICQj o JCCfCvQj o JCQjt^^ = 

= eiCGr o JCCiOK. o K.v)gj o JCgjT-^ = OK-Gj o [KOtt)-^ = 
= {9K o Kv)Qj — K-Gt ■ 
This proves that (I5.10|) is a monoidal adjoint equivalence, indeed. Comonadicity 
of TGt T'^ICGt and PGt = J"^ IC^Gt now follows from comonadicity of the 
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canonical forgeful functors T'^ and , respectively. Left exactness of both func- 
tors follow from right adjointness of and left exactness of T and T"^ . Although 
C/T is not strong monoidal, see (|5.7p . still the composite TQ-j is because T inverts 
every arrow [/ g obC. □ 

Proposition 5.10. Let C he a small monoidal Ah-category and F : C Ab be an 

essentially strong monoidal flat functor. Then the following conditions are equiva- 
lent: 

(1) F is subcanonical, i.e., every representable presheaf on C is a T -sheaf. 

(2) i^YC invertible for all objects C £ C. 

(3) The Yoneda embedding Y : C ^ C factors through Qj : Cj ^ C. 

(4) ■.C-^M'^' is fully faithful. 

(5) K:C^M^ is fully faithful. 

(6) F» is faithful and'iB^C & ohC an element f e M b,{F^ B , F^^ C) belongs to 
the image of F^ if and only ifMx S F^B e obC, z e F^A, s G C(^, B), 
t G C{A, C) such that FKsz = x and f o Fh = FH. 

(7) F is faithful and\/B,C £ ohC an element f G jifAj^{FB,FC) belongs to 
the image of F if and only ifix G FB 3A G obC, z G FA, s G C{A,B), 
t G C{A^ C) such that Fsz ~ x and f o Fs = Ft. 

If furthermore we assume that C is additive and F'^C is finitely generated for all 
objects C £ C then the above conditions are equivalent also to these ones: 

(8) F« IS faithful and \/B,C £ ohC an element f £ Mr{F'^B,F'^C) belongs to 
the image of F'^ if and only if 3A £ ohC, s £ C{A,B), and t £ C{A,C) 
such that F^s is epi and foFh^Fh. 

(9) F^ is faithful and for all A, B,C G obC and for all s £ C{A, B) such that 
Fh is epi the square 



C{B,C) C{A,C) 



(5.11) 



MRiF^B.FiC) ^"^^'^'^"'^^ MrIF^A^F^C) 



is a pullback square in Ah. 

(10) F is faithful and yB,C £ ohC an element f £ rMr{FB^FC) belongs to 
the image of F if and only if 3A G obC, s £ C{A^ B), and t £ C{A^ C) such 
that Fs is epi and f o Fs = Ft. 

(11) F is faithful and for all A, B,C' £ ohC and for all s £ C{A, B) such that 
Fs is epi the square 

C{B,C) C{A,C) 



(5.12) "^''■'^1 l^'^-'^ 

rMr{FB,FC) "^"(^-■^^), rMr{FA,FC) 

is a pullback square in Ah. 

Proof. (1) O (2) follows from Theorem [Ql 

(1) <S4> (3) is obvious. We denote the embedding C — > Cj by Ij- 

(4) <^ (5): at" = V'AT with an equivalence of categories (see Proposition 14. 4p 
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(3) =4> (5): By Lemma [5^ K = ICY = ICQjYt is the composite of an equivalence 
with a fully faithful functor. 

(5) => (2): Applying formula ^ we write TYC = CICYC = M'^{K_,K:YC) 
which, due to the isomorphism ICY ^ K, can be identified with the presheaf 
Ad''^ {K _ , KC). Upon this identification the vyc becomes the natural transforma- 
tion with B-component equal to 

YCB = C{B,C) ^ M'^{KB,KC), t^Kt. 

Therefore K being fully faithfuU means that the {vyc)b are isomorphisms for all 
B,C. 

(2) (7) Extending the previous argument for the inclusion i : TYC ^ QTYC 
we obtain that TYCB is the subgroup of b.A4ji{FB, FC) the elements / of which 
satisfy TQf o Sb ^ Sc o f , where S has been defined in (|4.2p . Since 

Sb : X Ib X i-^ {y i-^ 1b (E) y} X i-^ Ifb X , 

B B B B 

the requirement on / is that 

(5.13) f ®x^\fc® fx VxeFB 

B C 

as elements of rMr{F .,FC) ® F = TgFC. Viewing J^gFC as the filtered 

c 

Q FC 

colimit of the functor (EltF)°P C°p — > Ab equation (|5.13p means precisely 
that Vx € FB 3A e ohC, z e FA, s £ C{A,B) and t G C{A,C') such that 
Fsz ~ X, Ftz — fx and / o Fs — Ft. Since the {vyc)b maps any a £ C{B, C) into 
Fa G fiA4R{FB, FC) which obviously satisfies (|5.13p . we see that invertibility of 
vyc for all C is equivalent to (7). 

(2) O (6): By Lemma l4!6l the i^yc invertible iff i^yc is invertible. Using thefor- 
mula for C'^ given in Proposition l4.4l and the isomorphism K.'^Y ^ K'^ we can identify 
T^YCB with M^\k^B,K^C) and consider {Jyc)b as the unique factorization of 
the mapping C{B,C) Mr{F^B,F^C), t ^ FH through M'^\k^B,K^C) ^ 
Mr{F^B,F^C). Then we proceed as in the proof of (2) <J4> (7) by expanding what 
it means for an / £ AAr{F^B, F^C) to be a Q'^-comodule map and arrive to the 
equivalence of condition (6) with invertibility of the u^Y. 

(6) (8): For fixed B and C let {xi} be a finite set of generators for F'^B. 
Choose Ai, Zi, Si, ti according to the rule (6) for Xi and then construct a direct sum 

diagram Ai ^^=t^ A and the arrows s :— ^ Siopi e C{A. B).t := V . tiop^ e C{A, C). 
Pi 

Then 

f o Fh = j2f ° ° ^^P'^ = ° ^^P' = -^"^ 

i i 

and for a generic element x = Xi ■ ri ^ F^B the z :— ^ ■ F^qiZi ■ satisfies 
Fhz = ^ ^ FKsi o F^pi o F^qj{zj • rj) = ^ fKs.i o z^ ■ n ^ y^ Xi ■ rj = x 

i 3 i i 

thus Fh IS epi. 

(8) ^ (6): Since is epi, for every x G F'^B there is a z G F'^A such that 
F^ sz = X. Therefore condition (6) is trivially satisfied. 

Equivalence of (9), (10), (11) with (8) should now be clear. 

□ 
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The above Proposition provides two embedding theorems at the same time: It 
allows for embedding C into the category of sheaves over C and embedding C into 
the category of comodules over a comonad. In both cases the fiber functor can be 
written as the composite of the embedding functor with a comonadic functor. 

Theorem 5.11. Let C be a small monoidal f\b- category and F : C rA4r a 
faithful and flat strong monoidal functor satisfying the following condition: 

If B,C e ohC and f e rMr{FB, FC) is such that for all x e FB 
there are A e obC, z e FA, s G C{A,B), t G C{A,C) satisfying 
Fsz ~ X and f o Fs — Ft then there exists a G C{B,C) such that 
f^Fa. 

Then there exist 

• a special left exact monoidal idempotent monad T on C, 

• a left exact monoidal comonad Q on rAAr, 

• a fully faithful strong monoidal functor Yj : C ^ Cj 

• and a monoidal category equivalence Cj — > A^'^ 

such that F can he written as the composite of monoidal functors 

C — ^ rMr 
where is the canonical forgetful functor. 

Proof. The comonad Q has been constructed in Corollary 13.21 and the monad T 
in Proposition 14.71 (3) for any strong monoidal flat functor F. So it suffices to 
construct Yj. By the equivalence (3)<^4>(7) of Proposition 15.101 we can write the 
Yoneda embedding a,s Y = QjYj with a uniquely determined Yj : C Cj which is 
fully faithful, since both Y and Qj are fully faithful. Explicitly, 

Yj{C -^D)^ {YC, lyy'c) ^ {YD, Vy],). 
This functor has a strong monoidal structure 

{Yj)c,D : {T{YC YD), ^iycqyd) >- {Y{C D), i^ylc^j,)) 

-1 

{Yj)o:{Ti,tif)^^{i,iyj') 

with which Y — GjYj becomes a factorization of monoidal functors. Inserting this 
factorization into that of Lemma 14.11 and using the result of Lemma 15.91 that K-Gt 
is a monoidal equivalence we are done. □ 

5.4. The sheaf monoid Q and bialgebroids. Given a flat essentially strong 
monoidal functor F : C — > Ab we can define a presheaf G : C°p — > Ab as the 
pointwise "dual" of FK That is to say, GC := Mr{F^C,R) as an abelian group. 
Of course, GC inherits i?-i?-bimodule structure from the left i?-module structures 
given on F'^C and R but for a while this will be ignored. We want to show that this 
presheaf is a sheaf with respect to the topology induced by the idempotent monad 
T. 
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Lemma 5.12. For a ring R, a small Ah-category C and a flat additive functor 
F'i : C ^ Mr let T'i : C ^ Mr be the left Kan extension of F» along Y : C C 
and : Mr ^ C be its right adjoint. Then for all R-module N the presheaf 
is a sheaf with respect to the Grothendieck topology induced by the left exact 
idempotent monad T« of Proposition\l7\ (4). Especially, G = g^R is a sheaf. 

Proof. Due to the adjunction 77', e" : J-^ H the rj^Q'^ is a spht equahzer of the 
pair {r]'ig^T^g'iN,g^Th]^g'iN). But the i'^IC^g'^N is also the equahzer of this pair, 
hence j/^t/^TV is an isomorphism by Equation (|4.8p . □ 

In the presence of the monoidal structure we have two left exact idempotent 
monads: and the monoidal T. Since they are isomorphic by Proposition |4?7] (5), 
they have the same category of sheaves, as subcategories of C. So G is a sheaf in 
both senses but, of course, we are interested in the monoidal sheaf category where 
G turns out to be a monoid. 

The monoidal structure of G can be obtained by transposing that of F w.r.t. 
the canonical pairing (/, x) — f{x), f G GC, x G FC in the following sense: 

(5.14) Gc,D-GC®GD^G{C<»D), f ® g ^ {z ^ {g,{f,z^^^) ■ z'^^^)} 

(5.15) Go:Z^G/, I^Il 

where we introduced, only for the sake of this formula, z'^^^ ® z'^^ := ^^^^(z) for 

z € F{C®D). The image of the identity monoid / is isomorphic to the ring L := i?°P 
and therefore G factors through a normal monoidal functor G : C°p lMl- 
However, G is not essentially strong unless FC is f.g. projective as right i?-module. 

Since monoidal structures on a presheaf are the same as monoid structures on the 
object in C by Corollarv l2.5( we see that G has a monoid structure in C. Explicitly, 

(5.16) m:G0G^G, [f , g,t]i.c ^ Gt o Gb,cU 9) 

(5.17) u : y/ ^ G, {C ^I)^ GtlL 
But is G a monoid also in the sheaf category Cj? 

Lemma 5.13. The monoidal forgetful functor C/j : Cy — > C reflects monoids in the 
following sense: If {V^ m, u) is a monoid in C such that vy is invertible then there 
is a monoid {{V,i'y^),m',u') in Cj such that m = g^m' o (5T)(yi,-i^ {V v^'^) '^'^'^ 
u — u' o (5t)o- Such a monoid can be given by m' = Uy^ o Tm, u' = Vy^ o Tu. 

Proof. Taking the monoidal structure of Cy and of into account, see Proposition 
15.21 and Equation (|5.7p . the verification of the statement is straightforward. □ 

Giving a presheaf G abstractly as an object of C allows to reconstruct G as 
a functor provided the Yoneda embedding Y : C ^ C \& also given. Indeed, G 
is the functor C ^ C{YC,G). Similarly, if (G,m,u) is a monoid in C then the 
reconstructed functor is monoidal by the mapping a® [3 i— > mo [a® [3). The image 
of the unit monoid (of C°p) under this monoidal functor is the convolution monoid 
L := C{YI, G). In case of G is obtained from the pointwise left dual of a strong 
monoidal functor F : C ^ rMr then the convolution monoid L becomes i?°P. 
This means that the base ring R can be reconstructed from the monoid in C. If 
GC is finitely generated and projective as right L-module then so is FC as right 
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i?-niodulc and in this case the whole functor F can be recovered from the knowledge 
of the monoid (G, m, u) in C. 

The f.g. projective case is interesting all the more because in this case the 
Eilenberg-Moore category A^"^ of the monoidal comonad Q becomes the comodule 
category of a bialgebroid H with underlying i?°P ® i?-ring !FG. 

Notation: With the appearence of the bialgebroid H ~ G ^ F a. notational 

c 

ambiguity arises when tensoring with H since R acts on in 4 different ways. We 
shall write _ (§) -ff if we want tensoring w.r.t. the i?-action r ■ h = htnir) and write 

R 

_ (g) if we mean r ■ h ~ SH{r)h. The latter is the monoidal product with H in 

R 

M.^ . If tensoring from the left there is no ambiguity, so iJ ® _ means tensoring 

R 

W.r.t. h ■ r = hsHir). (For s/f , tn see the next proof.) 

Proposition 5.14. For a small monoidal Ah-category C and a flat essentially 
strong monoidal functor F : C — > Ab assume that F'^C is finitely generated pro- 
jective for all object C of C. Then 

(1) there is a left flat R- coring structure H on the abelian group G ® F and an 

c 

isomorphism Q'^N N ® H of comonads on A4fi, 

R 

(2) the coring in (1) is underlying a right R-bialgebroid H such that the equiv- 
alence M.^ ~ M.^ induced by (1) and by Proposition [37^ is a monoidal 
equivalence. 

Proof. (1) Noticing that the finiteness condition on F" is equivalent to that Q'^N = 
TV^G" naturally in G A4r where = G^R, the statement follows immediately: 

j^igijy ^ (TV (g) G) 1^ F = N (g) H naturally and this induces the following coring 

R C R 

structure on H 

underlying i?-i?-biniodule G" <Si F^ 

c 

comultiphcation A/f(/(8)a;) 

c 

and counit enif ® x) 

c 



E 



{f ®x'c)®{fh®x) 

C R C 



where Y^i^h ® fh ^ ® G^C is the dual basis for the i?-module F^C. The 

R R 

module j^H being flat is equivalent to that the comonad T^Q'^ is left exact. 

(2) Since QMG = rMr{FC,M) is the center of the bimodule g^MC = 
Mr{F'^C, (j)M), we have an isomorphism QM ^ (M x G) ® F where M x GG de- 

R. C R 

notes the center of the bimodule M®GG . The coaction M QM of a Q-comodule 

R 

therefore can be denoted by m ^ (m^^^ x to'^'-^)) ® m'^^'. Embedded into M ® H 

R. C R 

it becomes the coring comultiphcation m ^ m^^^ ®m'^^^ where m'-^-' G iJ is the 

R 

symbol for m'-^'^-' 0™*^^^^. Computing explicitly what the natural map Qai,n does 
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for two bimodules M and N, 

{J^G)m,n ( {{m X /) ® ® {{n X 5) (g) y) 



R 

im(g)n) X GB,cif 9)] FB,c{x®y), 

R R J B^C R 

we see that the monoidal product of two Q-comodules is precisely the one of H- 
comodules when H is a bialgebroid with multiphcation 

if(g>x){g(g)y):=GB,c{f(^g) ® FB,cix(E)y). 

B C L B®C R 

and i?°P(g)i?-ring structure Ih^sh ■ R°'^®R H given by the ring homomorphisms 

I 

tH{r) ^ Go{r) <S) Fo{1r) 
I 

called the source and target maps of H, respectively. Note that the i?-i?-biniodule 
structure of iJ as a coring is obtained by right multiplications with the source 
and target, r' ■ h ■ r = htH{r')sH{r), hence the name right bialgebroid. The right 
bialgebroid axioms [18j can now be easily verified. The details of the proof are 
omitted. Since H is the coend of the functor F, its bialgebroid structure has been 
already constructed in [55] in a slightly different terminology. □ 

Finally we make a short observation on G as a sheaf which, in the equivalent 
comodule category is well-known [7| 18.9 (3)]. The argument uses the following 
general fact of sheaves and presheaves: Although both C and Cj are complete and 
cocomplete the inclusion Qj : Cj C preserves only the limits. If i i— > J7i is a 
sheaf- valued functor with colimit U in C then TU is its colimit in Cj. 

Lemma 5.15. Given a ring R and a flat F^ : C°p ^ Mr such that F^C is f.g. 
projective for G ^ oh C let Cj C C be the corresponding subcategory of sheaves. 
Then the pointwise dual of F^ provides an object of Cj such that every sheaf is 
subgenerated by GK 

Proof. We have to show that every sheaf U is the subsheaf of a G-generated sheaf. 
Notice that the finiteness condition on F^ is equivalent to that its Kan extension 
JF" is doubly left dual, i.e., C/" : Mr ^ C is both left and right dual. Since R is 

a generator in Mr, we can choose an epimorphism ]J R «- T'^U and obtain 

the epimorphism Q'^e the domain of which is a coproduct of copies of G = G'^R, since 
is right adjoint, and it is a sheaf by Lemma l5.12l Thus we have an epimorphism 
of presheaves 

XX X 

t(\Ig) ^Y[g ^ gH]]_R) — '-^g^T^u 

which is the image under Qj of an epimorphism in Cj with domain a coproduct in 
Cj of copies of the sheaf G. This proves that the sheaf Q'^T^U is generated by G. 
Finally notice that the sheaf U itself is a subsheaf 

u ^Tu > --g^Pu 

of this G-generated sheaf. □ 
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6. The representation theorem 

We have seen in the previous Section that certain fiber functors F : C —>^ Ab 
factor through an embedding K : C ^ A4'^ . Now we investigate the question if the 
image of this embedding is (equivalent to) the subcategory of comodules that are 
finite projective as right J?-modules. 

6.1. The case of corings. Recall that an arrow m in a category is called von 
Neumann regular if there exists an arrow v for which uovou = u. In particular, split 
epimorphisms and split monomorphisms, as well as idempotents, are von Neumann 

regular. 

Lemma 6.1. Let he a left, exact comonad on Mr. Let A^f^p denote the full 
subcategory of the Eilenberg-Moore category M.'^' the objects of which are finitely 
generated and projective as R-modules. Let T'^^ : A^'^' ^ _A4ij be the canonical 
forgetful functor. If t G -^fgp '^''^ arrow for which u = T^^t is von Neumann 
regular then t has kernels and cokemels in A^§p and preserves them. 

Proof. Since M.r is abelian and is left exact, A^"^" is abelian and the forgetful 

functor T'^ is exact. LetO^A^B^C^D^Ohe an exact sequence 
m is a kernel and J-'^ c is a cokernel of u. But the kernels and 

cokernels of von Neumann regular arrows in Mr are split since they are constructed 

by splitting the idempotents 1 — v o u and 1 — u o v, respectively. Therefore J^'^^ A 
and J-'^^ D arc direct summands of finitely generated projective i?-modulcs, so 
themselves arc finitely generated projective. This proves that fc,c G -^fgp- Since 
A^^p C M'^' is a full subcategory, fc is a kernel and c is a cokernel of t also in 

Now we try to reach this situation from the abstract setup of a 'fiber functor'. 
At first we must find functors which can guarantie the embedding theorem, without 
the monoidal structure as yet. 

Let C be a small Ab-category and R a ring. We consider the following properties 
for an additive functor F" : C ^ A4r. 

(1) F» is faithful. 

(2) Every arrow t : A ^ B in. C for which FH is split epi has a kernel. 

(3) i^" preserves the kernels of arrows of (2). 

(4) Every arrow f : ^ ^ i? in C for which FH is split mono has a cokernel. 

(5) preserves the cokernels of arrows of (4). 

(6) F" reflects isomorphisms. 

Lemma 6.2. Assume F^ : C ^ Mr satisfies (1), (2), (3), (4), (5) and (6). Then 

for every f : F^B ^ F'^C for which there exist A, s : A ^ B and t : A ^ C such 
that F^s is split epi and f o F^s = FH there exists a unique u : B ^ C such that 
F^u = f. 

Proof. By (2) there is a kernel k : K —>■ A of s and by (3) F^fc is a kernel of Fh. 

Since F*s is split epi, its kernel F^k is split as well, therefore k has a cokernel 
c : A ^ B' hy (4:). Since sok = 0, there is a unique d : B' ^ B such that s = doc. 
By (5) F^c is a cokernel of F^k. But F's is also a cokernel of F^k (in the abelian 
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category Mr cokerkere = e for every epi e), hence F^d is an isomorphism and so 
is d by (6). Therefore s is a cokernel of (its kernel) k. 

Now t satisfies FH o F^k = f o Fh o F^k = so, by (f ), tok = Q. Therefore t 
factorizes uniquely through cokerfc = s, i.e., t = uo s with a unique u. Since F'^s 
is epi, / — F'^u. If / = F^u' then faithfulness of implies u' — u. □ 

Proposition 6.3. Assume F'^ : C ^ Mr is faithful, flat, reflects isomorphisms 
and F'^A is finitely generated projective for all A ^ ohC. Assume 

(1) C is additive, 

(2) C has kernels of arrows t for which FH is epi, 

(3) C has cokernels of arrows t for which FH is von Neumann regular and F^ 
preserves such cokernels. 

Then : C — > ^4*5" corestricts to an equivalence of categories from C to the 
category Mf^^ of Q^-comodules that are finitely generated projective as right R- 
modules. 

Proof. Since flat functors preserve kernels, epimorphisms to projectives are split 
and split epimorphisms are von Neumann regular, the conditions of Lemma l6.2l are 
satisfied. Thus the (4)<^=>(8) part of Proposition 15.101 implies that i^" is full and 
faithful. It remains to show that if' is essentially surjective, at least on the objects 

Every presheaf is the colimit of representables. Since Proposition IS . 101 applies . all 
representable presheaves are T-sheaves. Therefore if C/ is a sheaf and : Y Ai U 
is a colimiting cone in C then Tr^, which is a colimiting cone in Cj, is isomorphic 
to a lift of the original cone r to Cj and presents the sheaf J7 as a colimit of 
representables. Then, by the equivalence Cy — A^"^* , every Q^-comodule M is the 
colimit of comodules K'^A with ^ G obC. Therefore every M has a presentation 

Y[ K^Bj ^ Y[ ^^^^i — ^ — ' 

in the abelian category M'^'' . The forgetful functor JF*^" : M^'' ^ Mr, being left 
adjoint, preserves colimits therefore preserves the structure of this presentation. If 
the underlying _R-module T'^^ M is projective then T'^^ a splits. If it is also finitely 
generated then the splitting map factors through a finite subcoproduct ^ 
]Jj F'^Ai. Restricting a to the corresponding subcoproduct K'^Ai ^ ]Jj K'^Ai 

is still an epimorphism since T^^ is faithful. For all objects M S A^^p therefore 
there is a presentation 

]J K^Bj ^— ]J K^A, M — > 

in which Jq is finite. Since splitness of T'^ a implies that the image of J'Q'p IS a 
direct summand of a finitely generated projective module, !F^* (3 is a split epi onto 
its image: There exist a, h in Mr such that aoa — 1 and aoJ-^^ a+J-''^* [3ob — 1. 
Therefore Jq can be chosen finite, too, and (3 oho T'^^ j3 = (3. Finally, using 
additivity of C and fullness of if" we can present M as the cokernel 

K^B ^ K^A M 
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of K'^b of an arrow 6 G C for which J^'^ ^tt^ = pii, jg yon Neumann regular. By 
assumption such arrows have cokernels in C and — T'^ K'^ preserves them. Since 
reflects cokernels, as every comonadic functor does, i^" preserves the cokernels 
of -von Neumann regular arrows. This proves the existence of an object C S C 
such that M is isomorphic to K'^C. □ 

By Proposition [mi] (1) we know that the comonad of the above Proposition 
is the comonad of a left flat coring H over R and therefore we actually proved the 
equivalence of C with the category Mf^^ of _ff-comodules that are f.g. projective 
as right i?-modules. 

Corollary 6.4. Let C be a small abelian category and F'^ : C Mr o, faithful 
exact functor such that F'^ C is f.g. projective yC G obC. Then there is a left flat R- 
coring H , such that M.^ is generated by its subcategory Aifi^, and an equivalence 

of monoidal categories C ~ -^^p through of which F" factors as C ^ -^fgp 
^ Mr. 

6.2. Fiber functors. Motivated by Proposition [^31 we can now distinguish a class 
of monoidal functors that can serve as input for our Tannaka duality. 

Definition 6.5. The data {C, F) consisting of a small additive monoidal category 
C and an essentially strong monoidal additive functor F : C ^ Ab is called a fiber 

functor if in the (up to isomorphism unique) factorization C — > rMr — > Mr^ 

Ab of F, with F strong monoidal, the functor F^^ :— (f)F : C A4r satisfies the 
following conditions: 

• is faithful, flat and reflects isomorphisms, 

• F^C is f.g. projective for all C G obC, 

• C has kernels of arrows t for which FH is epi, 

• C has cokernels of arrows t for which Fh is von Neumann regular and F" 
preserves such cokernels. 

The main result of this section is the following Representation Theorem. 

Tiieorem 6.6. Let (C, F) be a fiber functor. Then there exists a ring R, a right 
R-bialgebroid H and an equivalence of monoidal categories C ~ -^^p through of 
which F factors as the composite C ^ C — ^ Ab of monoidal functors. 

Proof. The ring R is the base ring (F/, Fl/ o F/_/;Fo) of the fiber functor. The 
bialgebroid H is provided by Proposition l5.l41 as a right i?-bialgebroid structure on 
G®F such that the equivalence ~ Al*^' of categories induced by the comonad 

c 

isomorphism _ ® = becomes a monoidal equivalence when composed with 

R 

M'^ ~ M'^ of Proposition EH This proves the monoidal factorization C — > 
M.^ Ab of the fiber functor with K strong monoidal. Then by Proposition 16.31 
K is an equivalence onto the full subcategory Al^p C Ai^ of i/-comodules that 
are f.g. projective as right i?-modules. □ 

Corollary 6.7. Let C be a small abelian monoidal category and F : C ^ Ab a 
faithful exact essentially strong monoidal functor such that F^C is f.g. projective 
VC G obC. Then there is a ring R, a right R-bialgebroid H, such that rH is flat 
and every object of M.^ is the colimit of objects from M^i^, and an equivalence of 
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monoidal categories C ~ Al^p through of which F factors as C ^ Ai^^ C M. —> 
Ab. 

Proof. We have to show only that every faithful exact essentially strong monoidal 
functor F on an abelian monoidal category is a fiber functor in the sense of Defi- 
nition [631 Taking the factorization F — ipF^ and using that : — > Ab reflects 
epis and monos we see that also must be faithful and exact. Then F'^ is flat 
since C has finite limits and preserves them, F"^ reflects isomorphisms since it 
reflects epis and monos. The remaining properties are obvious since C has all finite 
limits and colimits. □ 

The detailed Representation Theorem is this. 

Theorem 6.8. Let F : C — > Ab 6e a fiber functor in the sense of Definition \6.5l 

Then there exist 

• a ring R, 

• a right R-bialgebroid H such that 

(1) H is fiat as a left R-module, 

(2) every right H-comodule is generated by right H-comodules that are f.g. 
projective as right R-modules 

• a special left exact monoidal idempotent monad (see Definition \5.1\) T on 
the monoidal category C of presheaves over C 

• a strong monoidal left exact left adjoint functor K. : C ^ Ai^ , 

• a strong monoidal fully faithful functor Yj : C ^ Cj embedding C into the 
category of T -sheaves 

• a monoidal category equivalence Cj ~ AA^ of the category of T -sheaves 
with the category of right H-comodules 

• and a monoidal category equivalence C ~ ■'^^p o/C with the full subcategory 
of H-comodules that are f.g. projective as right R-modules 

such that, together with the fully faithful strong monoidal embeddings Cj '—^ C and 
Alfi„ ^ and with the comonadic forgetful functor , the diagram 




Ab 

is commutative in the category of monoidal functors. 

6.3. The reconstruction theorem. Note that we use the name 'reconstruction 
theorem' in a sense closer to the etymology of the word than it is usually done. One 
has a fiber functor F associated to each H and one has the 'Tannaka construction' 
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of a bialgebroid from F. If the composite of these two procedures is the identity 
up to isomorphism then we can say we have 'reconstructed' H. 

Proposition 6.9. For a ring R and a right R-bialgebroid H let C C be the 

full subcategory of H-comodules that are finitely generated projective as right R- 
modules. Let F : C ^ Ab be the restriction to C of the underlying abelian group 
functor Ab. 

If H is flat as a left R-module and if is generated by the subcategory C then 
the functor F is a fiber functor. 

Proof. Flatness of i^H means precisely that the comonad _ ® is left exact on 

R 

Mr. This implies by general arguments that the Eilenberg-Moore category 
has finite limits. It also has colimits since Mr does therefore M^ is cocomplete 
abelian. 

Let F : C ^ rMr be the underlying bimodule functor and let :— (f)F : C 
Mr. Of course, can be viewed also as the composite of the inclusion C ^ M 
and of the forgetful : M" ^ Mr. 

F is essentially strong Since the F is strong monoidal, by the very definition 
of monoidal product in M^ , the long forgetful functor F is essentially strong 
monoidal. 

F'^ is faithful. The inclusion C ^ M^ is faithful and the forgetful functor M^ 
M R, is faithful. Then so is their composition F^ . 

C is additive. M^ is additive, i.e., has binary direct sums and a zero object. This 
structure is obviously inherited to C. 

F^ is flat. Since C is additive, the category EltF' of elements of F^ has binary 
products. Thus the first axiom [T] for flatness of F'^ is satisfied. As for the second 
axiom consider an arrow t : B C inC and an y e F»B such that FHy = 0. bmce 
M^ is abelian, a kernel of t exists in and since the kernel is generated by C 
we can find an s : A ^ i? in C and an element x ^ F'^A such that F^sx — y and 
t o s = 0. Thus F« is flat. 

F^ reflects isomorphisms. The inclusion C M^ is fully faithful therefore it 
reflects isomorphisms. The forgetful functor M^ Mr is comonadic therefore, by 
an application of Beck's Theorem, it reflects isomorphisms. Then their composition 
reflects them, either. 

C has kernels of arrows t for which FH is epi. Since F'^t is an epimorphism onto a 
projective module, it is split, hence von Neuman regular. Viewing t as an arrow in 
M" it satisfies that T"t is von Neumann regular. Therefore Lemma 16.11 implies 
that it has a kernel in C. 

C has cokernels of arrows t for which FH is von Neumann regular and F^ preserves 
them. This also follows using Lemma IGTTI 

□ 

The next Theorem shows that the bialgebroid, together with its base ring, can 
be uniquely reconstructed from its long forgetful functor. 

Theorem 6.10. Let S be a ring and J be a right S -bialgebroid such that 5 J is flat 
and such that Mf^^ generates M"^ . Let F : Mf^^ Ab be the forgetful functor 
which is a fiber functor by Proposition 1 6. 9i Then the R-bialgebroid H constructed 
from F by Theorem \6.6\ is isomorphic to the S -bialgebroid J. 
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Proof. The monoidal structure of F allows to reconstruct the ring S as the monoid 
R = (F/, Fl/ o F/j, Fo) in Ab where / is the monoidal unit of M'/^p. The J, as a 
J-comodule, is a yet unknown object of A^'^ but we know that it is generated by 
the objects P of A^J^p- So we have an epimorphism 

U P^ — ^ J eM-^ 

for some set X and for some A:'-indexed family {Pi} of objects in A^f^p- Now every 
such mapping factors through the evaluation 

Y[M-^{P,J)(E)P — "-^J, ^ ^a^(pi) 

P i i 

in which M"^ {P, J) (g) P is the J-comodule with coaction 1 ® Sp where 5p : p ^ 
(g)p(i) is the coaction of P. Using the familiar isomorphism 

s 

M''{P,J)^Ms{P,S), f3^ejof3, 
with inverse / i-^ (/ ® J) o (5p, and introducing the notation P^ for the abelian 

s 

group M s (P, S) we see that the existence of an epimorphism ip is equivalent to 
that the evaluation 

P i i 

is an epimorphism in M"^ . Recognizing that the reconstructed bialgebroid H, as 

an abelian group at least, is the quotient F'^ ® F of IJP'^ <8 P, see (|2.1I) . we are 

c 

going to show that ev annihilates the kernel of this quotient. Indeed, if < : P — > Q 
belongs to M^^^ then for allp e P, g e Q"^ 

ev(g ^t-p)^ g{{t ■ • {t ■ p)^^'> = g{t ■ p^°^) ■ p^^^ ev{g ■ t ® p) . 

Therefore ev factors uniquely through the quotient mapping c that defines H = 

F< (8)F, 
c 

UpP<®P ^ H 

(6.2) 

ev \^ 

T 

J 

where n can be written on rank 1 tensors of H as n{f ^ x) — f{x'^^^) ■ x'^^\ In fact 

p 

H has only rank 1 tensors since A^fgp is additive, or, because F is flat. This will 
be important in the next argument showing that n is monic. At first, n e Ab is 

epi since ev is epi. Now assume f ® x € Kerrt. Then f ® x E Kerev, i.e., a; G P 

p 

belongs to the kernel of the J-comodule map a := {f (E> J) o Sp : P ^ J. But the 

s 

kernel of a, as a subcomodule of P in M"^ , is generated by A^f^p therefore there 
exists an object Q in A^J^p and a J-comodule map k : Q ^ P such that a o k = 
and X belongs to the image of k. Therefore there is a y G Q such that 

f ® X — f ® ny E f o K®y + Ker c . 
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However, / o k = e j o a o k = 0, thus proving that f ® x £ Ker c. Thus the epi n is 
monic, hence an isomorphism in Ab. FinaUy we have to show that n is underlying 
a map of bialgebroids over the same base ring R — S. That is to say, that n is 
both a map of ® i?) -rings and a map of i?-corings. As for the latter, notice 
that if we equip each P< ® P term with the obvious comatrix coring structure then 
both c and ev become coring homomorphisms. Then n is automatically a coring 
homomorphism since c is epi in rM.r, or, what is the same, in Ab. As for the 
former, notice that the (i?°P (g) i?)-ring structure of J is completely encoded in the 
structure of the monoidal functor F and its pointwise left dual G = and this 
is exactly the ® i?)-ring structure of H we reconstruct. This can be traced in 
the calculation 

n{f ® x)n{g (g> y) ^ x^^hjifix^'Whiigiv^'^)) = 

P Q 

= x^'^y^'hjigisAfix^'W^)) = 

^n{F<(f (g) g) (g) Fp^Q(x(E)y)) = 
= n{if (g)x){g(g)y)) 

P Q 

which finishes the proof. Even if not each term P individually but their 
coproduct can be given a bialgebroid structure such that the whole diagram ()6.2|) 
lifts to the category of P-bialgebroids and their homomorphisms. □ 

Corollary 6.11. If an R-bialgebroid H satisfies that rH is flat and A4^p gen- 
erates all H-comodules then Ai^ is equivalent to the category of T -sheaves for a 
suhcanonical monoidal Grothendieck topology T on Ai^^. 

6.4. Deligne's and Hai's Theorems. By introducing the notion of semi-transi- 
tive corings in [5] Bruguieres located an important piece of Deligne's Tannaka du- 
ality theory that is applicable also in the non-commutative setting. Semi- 
transitive corings are precisely the corings that can be reconstructed from fiber 
functors on locally finite categories. Let us recall the definitions. 

Let fc be a field and P be a fc-algebra. An P-coring H is called semi-transitive 
if the following axioms hold: 

(1) Every P-comodule that is f.g. as P-module is also projective as P-module. 

(2) Every i/-comodule is the filtered colimit of P-comodules that are f.g. as 
P-modules. 

(3) The category A^^p of P-comodules that are f.g. as P-modules is locally 
finite, i.e., 

(a) each hom-space of A^^p is finite dimensional over k, 

(b) and each object has finite composition length, i.e., A^^p is both noe- 
therian and artinian. 

Deligne's Theorem, as formulated in [6l Theorem 5.2], states that on a small 
locally finite abelian /c-linear category every faithful exact /c-linear functor P : C — > 
A4r with values in f.g. projective P-modules factors through the forgetful functor 
A^'^ — > A^ij of a semi-transitive P-coring P by a category equivalence C ~ -^^p- 
Vice versa, if P is a semi-transitive P-coring then the restriction A^^p ^ A^^; of the 
forgetful functor is a faithful exact /c-linear functor with values in f.g. projective 
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i?-niodules and its domain is an essentially small locally finite abelian fc-linear 
category. 

In order to compare with our abelian representation theorem, formulated in 
Corollarv l6.4[ and its converse (in the monoidal setting) in Theorem 16. 101 observe 
that both the input data {C,F'^) and the output data H of Deligne's Theorem is 
a subclass of the respective data of Corollary 16.41 For the output data this is not 
obvious but Bruguieres proves in [6, Corollary 5.9] that semi-transitive corings are 
flat as left i?-modules. Thus the two theorems are compatible. It is very plausible 
that none of them implies the other. 

Although Bruguieres also discusses them for commutative R the monoidal version 
of Deligne's Theorem was completed by Phung Ho Hai at the time when the notion 
of bialgcbroid was already available. He proves in ^8, Corollary 2.2.5] that on a 
locally finite abelian fc-linear monoidal category every faithful exact strong monoidal 
functor F : C — > rMr with image in the subcategory of right dual bimodules 
induces a monoidal equivalence C ~ -^i^p ^^r a semi-transitive i?-bialgebroid H. 
Vice versa, the restriction to A^^p of the forgetful functor ^ rM.r of any 
semi-transitive i?-bialgebroid is such a functor. 

It should now be clear that the abelian representation theorem. Theorem 16. 71 is 
to Hai's Theorem like Corollary [63] is to Deligne's Theorem. It establishes Tannaka 
duality for a larger class of fiber functors and for a larger class of bialgebroids. 

6.5. /c-Iinear versions. Let A; be a commutative ring, AAk the category of k- 
modules and ^''^ : A^^ ^ Ab the underlying abelian group functor. 

A fc-linear category C is nothing but an Ab-category C together with a ring 
homomorphism fc 9 A i— > {A ■ C}c from k to the ring of self natural tranformations 
of the identity functor. 

For any fc-linear category C and a fc-linear functor F : C ^ A^^ we can associate 
the additive functor F — : C Ab. This defines the functor (as an additive 
functor between Ab-categories) 

(6.3) ■f'' : /c-Fun(C,yWfe) ^ Add(C,Ab), F^^'^F. 

If F : C — + Ab is additive then there is a unique /c-linear functor F such that F = 
^''F, namely FC is FC equipped with /c-action k B F{\ ■ C) G End FC. Since 
A • C is natural in C, every Ft becomes a /c-module map Ft. li v : F ^ G : C kb 
is a natural transformation then vc o F{X ■ C) ~ G(A ■ C) o j/p, A G fc, C G obC, 
therefore there is a unique natural transformation v : F ^ G : C ^ Mk such that 
— V. In this way we constructed a strict inverse of ()6.3|) . 
Replacing C with C°p we obtain that the category of /c-module valued /c-linear 
presheaves on C, A:-Fun(C°P, M.-k) can be identified with the category C of Ab- valued 
additive presheaves. 

If C is fc-linear monoidal then maps monoidal functors F to monoidal functors 
F using the monoidal structure of . Vice versa, if F : C ^ Ab is a monoidal 
functor then the unique F such that F — ^^F has a unique monoidal structure by 
unique factorization through the canonical epimorphism FC ® FD FG (X) FD 

k 

and by setting Fq : k ^ FI to be the mapping A i-^ F(A • /) o Fo(l). Thus 
induces an isomorphism between categories of monoidal functors. 

However, since ^'^ is not strong monoidal, a strong monoidal F need not be 
mapped to strong monoidal F. Fortunately, what we need to preserve by ^''^ is 
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essential strong monoidality. The base algebra of F, i.e., the image under F of 
/, is a fc-algebra R = {FI,F\j o Fjj,Fo) the underlying ring of which is i? = 
{FI,Fli o FijjFq), the base ring of F. Furthermore the i?-bimodule structure of 
FC reduces to a diagonal /c-bimodule under the ring homomorphism Fq : k —f R, 
so becomes a i?-bimodule in A^fc. As a matter of fact, 

Fo(A) > x = Flco Fi^c o {Fix ■ I) ® FC){1r (g> x) = F{X ■ C)x = 
= Fvc o Fcj o [FC ® F{\ ■ I)){x (E) Ir) = 
^x<iFo{X). 

Therefore the normal factorizations of F and F are related by the diagram 

C — ^ ^TW^ > Mk 

(6-4) |,k 

C ^ > rMb. > Ab 

in which is strong monoidal. Therefore F is essentially strong iff F is essentially 
strong. 

If flatness of a fc-linear functor is defined, like for Ab- functors, as cofilteredness of 
the category of elements, which uses only the underlying set of FC in its definition, 
then it is clear that F is flat iff F is flat. 

The left Kan extension along C — > C, as a tensor product over C, is independent 
of whether we consider C as fc-linear or as an Ab-category. More precisely, the 
following diagram is commutative 

-igi-F 

fc-Fun(C°P,Xfc) — ^ Mk 



Add(C°P,Ab) > Ab 

-<»F 
c 

for all F G Add(C,Ab). 

If J-" : C ^ Ab is the left Kan extension of the flat essential strong monoidal 
F — then the strong monoidal part JF factors as <t''!F, just as F does in (16. 4|) . 
The right adjoint of J- which is the functor QM ~ rMr{F _ , Af ), since each FC is 
diagonal as fc-bimodule, factors through the center functor Zk : M ^ k.Mk{k, M) 

which maps i?-bimodules to i?-bimodules. Therefore G = QZk where Q is the right 
adjoint of J-. The left exact strong monoidal additive comonad Q = TQ on rMr 
is therefore related to the left exact strong monoidal fc-linear comonad Q — TQ by 
the comonad morphism {^^.TQ'd) 

- I ■ - - !. 

^^Q ^g^'^ 

where d is the unit of the adjunction H Zk which is an isomorphism due to that 
is fully faithful. But the induced functor on the Eilenberg-Moore categories is 

not only a coreflective subcategory ( rM^'^ ^ ( rM.r)'^ but also an isomorphism 
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because of the equivalences 

{rM^)^ ^ {M^f {MRf {rMr^. 

Or, putting in another way, an i?-bimodulc which is the underlying bimodule of 
a Q-comodule is automatically fc-diagonal. Therefore every Q-comodule can be 
obtained by forgetting A; in a Q-comodule. 

What we have shown is this. If a fc-lincar monoidal category and a fc-lincar fiber 
functor F : C ^ Mk given then the construction of the monoidal comonad and 
its Eilenberg-Moore category in the fc-linear setting leads to the same Ab-category 
as what we have obtained by forgetting k from the beginning. The same conclusion 
can be said about the the construction of the monoidal idempotent monad T on the 
presheaf category: The Ab-construction yields automatically a fc-linear T provided 
we start from a /c-linear fiber hmctor. 

One can look at /e-linearity in another way. Every Ab-category and every monoid- 
al Ab-category, too, has a largest commutative ring Z for which it is linear and k- 
linearity factors through this one via a ring homomorphism fc — > Z. We formulate 
the precise statement for monoidal categories below. 

Let C be a monoidal Ab-category. For endomorphisms z of the monoidal unit 
J of C we define z • C := Ic o (z ® C) o l^^ : C -> C which is a endo-natural 
transformation of the identity functor of C. Similarly, we define C ■ z. Let 

Z = Zc = {z&EndI\z-C = C-zyC GohC} 

which is a subring of the commutative ring End /. Then for all ^; € Z 

z-Dot = toz-C ViG C{C, D) 
z-{C^D) = z-C^D = C^z-D yC,DGohC 

therefore making C(C, D) a Z-module hy z ■ t := z ■ D o t defines a monoidal Z-linear 
category C the underlying monoidal Ab-category of which is C. 

Let k be any commutative ring such that C is the underlying monoidal Ab- 
category of a fc-linear monoidal category B. Then there is a unique ring homomor- 
phism a : k Z such that B is induced by a from the monoidal Z-linear category 
C. 

6.6. Weak bialgebras. Let i? be a separable Frobenius algebra over the commu- 
tative ring k. That is to say, i? is a fc-algebra with a fc-linear functional (p : R ^ k 
and an e = ^ ■ ft G R such that 

k k 

X] f{rei)fi = r = ^ eiip{fir), Mr G R and ^ e^/i = Ir . 

i i i 

It follows that e belongs to the center {R(^ R)^ of the i?-bimodule R(^ R and we 

k k 

can equip the forgetful functor $ : rMr Mk with an opmonoidal structure 

R k R k 



^'^ : R—> k, r !->■ ip{r) . 
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This structure is compatible with the usual monoidal structure ($, $2, $0) of the 
forgetful functor: For all i?-bimodules L, M, N 

nr L®M.N 

($L ® $M,Jv) o a<j,i o ($^'*^ ® $iV) = $ « o ^^^^ o ^ij^M.JV 

$Af.w o = $(A^ ® N) . 

R 

In the terminology of [35' $ is equipped with a separable Frobenius structure. It 
follows that if : C ^ rA4 r is any strong monoidal functor then composition of 
monoidal and composition of opmonoidal functors equip F = ^F : C A4k with 
a separable Frobenius structure {F, F2, Fq, F'^ , F'^). 

We say that a monoidal fc-linear functor F : C ~f Mk split monoidal if its 
monoidal structure {F,F2,Fo) is part of a separable Frobenius structure on F. It 
follows from [SF, Lemmas 6.2, 6.3] that split monoidal fc-linear functors to A^fe are 
essentially strong monoidal with base ring a separable Frobenius fc-algebra R. On 
the other hand, weak bialgebras over k can be identified with bialgebroids equipped 
with a separable Frobenius fc-algebra structure {ip, e) on its base ring R. Pfeiffer 
studying comodule categories of weak bialgebras W shows in [27j that the 

long forgetful functor Aik is split monoidal. Combining these facts with 

Theorems 16.61 and 16.101 we immediately obtain 

Theorem 6.12. Let k be a commutative ring. 
{A) Let C be a small additive k-linear monoidal category and F : C Mk a k-linear 
.split monoidal functor such that 

(1) F is faithful, flat and reflects isomorphisms, 

(2) FC is f.g. projective k-module VC G obC, 

(3) C has kernels of arrows t for which Ft is split epi in Aik, 

(4) C has cokernels of arrows t for which Ft is von Neumann regular in Mk 
and F preserves these cokernels. 

Then there is a weak bialgebra W over k .such that F factors through the canonical 
forgetful functor Mk as C ^ M^^ ^ -> Mk with C ~ M^^ being a 

monoidal equivalence of C with the full subcategory of those W -comodules that are 
finitely generated projective k-modules. This weak bialgebra is k-flat and such that 
M^ is generated by the .subcategory A^f^p- 

{B) Vice versa, if J is a weak bialgebra over k which is k-flat and such that A^j^p 
generates M^ then the restriction to C = Mf^^ of the forgetful functor M"^ Mk 
is a k-linear split monoidal functor F : C Mk satisfying conditions (1-4) above. 
Moreover, the weak bialgebra W constructed in (A) from F is isomorphic to J as 
weak bialgebras over k. 

Proof. After what has been said above it suffices to show that the F of {A) is a 
fiber functor in the sense of Definition 16.51 Let R be the base ring of F which 
a separable Frobenius fc-algebra and let (j) : Mr Mk be the forgetful functor. 
We have F = (t)F^ and the functor cj)^ : Fun(C,A(i^) ^ fun{C,Mk) preserves 
and reflects all properties listed in (1 - 4). For example, F is conservative iff F^ 
is conservative, FC is fgp iff F^C is fgp, or. Ft is von Neumann regular iff FH 
is von Neumann regular. For showing e.g. that von Neumann regularity of Ft 
implies von Neumann regularity of FH one takes a f3 € Mk{FD, FC) satisfying 
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Fto(3oFt = Ft, constructs 7 e Mr{F^D, F^C) by (j)-f{y) := X), ' Ci) • /i and 
verifies that (f>{FH 070 = J2i Ft{P{Ftx ■ e,) • /,) = J2i Ft{P{Ftlx ■ a))) ■ ft = 

Y,i Ft{x ■ a) ■ fi = Ftx ■ Cifi = Ftx = 4>{Fh)x, Mx e FC, and therefore 

FHo-foFh = FH. □ 

The above Theorem greatly simplifies if we assume that fc is a field. As a matter 
of fact, the only obstruction against C being abelian is that submodules and quotient 
modules of f.g. projective fc-modulcs need not be projective and, for submodules, 
not even finitely generated. But for k a field these properties are automatic. 

Theorem 6.13. Let k he a field. 

{A) Let C be a small k-linear abelian monoidal category equipped with a k-linear 
faithful exact split monoidal functor F : C M.k such that FC is a finite dimen- 
sional vector space for all object C ofC. Then there is a weak hialgebra W over k and 
a monoidal equivalence C ~ -^^p such that F factors asC ~ -^f^p ^ M.^ M.k- 
This weak hialgebra is such that is generated by its finite dimensional comod- 
ules. 

(B) Let W be a weak hialgebra over k such that is generated by its finite 

dimensional comodules. Then the restriction to C = A^f^ of the forgetful functor 

Ai^ Aik is a k-linear faithful exact split monoidal functor F : C A4k such 
that FC is a finite dimensional vector space for all object C of C. 

Proof. Only right exactness of F in part {B) requires some explanation. The W 
being flat over k the category of PF-comodules is an abelian category. Let 
t : C ^ Dhe an arrow in C. Then t has a cokernel c : D ^ E m . Since FE is 
then a quotient of a finite dimensional fc-space, it is also finite dimensional. Thus c 
belongs to C. Then c is also the cokernel of t in C since the embedding Mf^^ ^ 
is a fully faithful functor between abelian categories. Since the forgetful functor 
: M.^ M.k is left adjoint, it preserves cokernels so Fc = c is a cokernel 
of Ft = T'^t. □ 



7. Existence of fiber, functors 

In this Section we further restrict the class of monoidal categories C in order to 
ensure the existence of fiber functors and therefore establish an equivalence, by the 
Representation Theorem, of C with A4^p for some i?-bialgebroid H. The class of 
categories C for which fiber functors can be constructed depends, of course, on the 
Ansatz we take for the fiber functor, which is this. 

For a set X c obC of objects we consider the presheaf O := JJ^^^:^^ ^■^d the 
functor 

(7.1) T:C^ Ab, TV := C(n, ^QU) 

equipped with monoidal structure 

J^uy : x(E)y 1-^ ^nlu,v °{xG)V)oy 
^0 : 1 ^ r^i . 

We want to impose conditions on the category C and on the subset 1 that imply 
that the composite monoidal functor 



(7.2) 



F := :FF : C ^ Ab 
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is a fiber functor. Defining the ring R Endil and making each FC an R-R- 
bimodule hy r' ■ x ■ r = (r' YC) o x o r, x ^ C{fl, il YC), r,r' ^ R we obtain 

the factorization C rMr — * Ab of F with F normal monoidal. As always F'^C 
denotes FC with the left i?-module structure forgotten. 

7.1. Bounded fusion. In a small monoidal Ab-category C let X C obC be such 
that G 2} generates C. Such an T always exists, I = obC for exam- 

ple. In particular, for every representable presheaf YC there is an epimorphism 
JJ^gjr YBj -» YC with Bj G X, Vj G J. Since YC is projective and small, e is 
split and the splitting map factors through a finite subcoproduct. Thus, if C is ad- 
ditive, every C G ob C is a direct summand of a finite direct sum i?i © ^2 ® ■ ■ • Bn 
of objects Bi G T. 

It follows that for each C G ob C and each A G X we can choose a direct summand 
diagram 

(7.3) A(g)C ^B\^c ^A0C, i = l,...,nA®c, 

i.e., such that J2iPA(g>c ° Ia^c = ^ <S?i C*, in which all the B\^^ G X. Let 
denote the multiplicity of _B G / in this diagram, i.e., 

mS,c ■■= #{!<«< UA^cm^c = B} A,B ex, C eohC. 

Definition 7.1. A set X C obC of objects in a monoidal Ab-category is called a 
bounded fusion system if 

• {yA|A G X} is a generator system in the category C of presheaves 

• and there is a choice of direct summand diagrams (|7.3p the multiplicities 
M^Q of which satisfy that there exist finite numbers mc for all C G X 
(equivalently, for all C G obC) such that 

J2^^A,c < mc, VBgX and VC G X (VC G obC) . 

The category C itself is called to have bounded fusion if there exists a bounded 
fusion system X C obC. 

Let Of c-, the occurence of B G X in A0C, be defined by O^ ^ = 1 if M^,^, > 
and of c ~ ^ otherwise. Then the boundedness condition above is equivalent to 
boundedness of the set of integers 

{T.Olc\BeX} 

Aex 

for all object C. That is to say, the number of ^4 G X for which a given B G X occurs 
in the direct summand diagram for A(^C, as one of the B\^(j, has a i3-independent 
upper bound for all C. 

Observe also that if X is a bounded fusion system and D G obC\X then adjoining 
D to X yields again a bounded fusion system X'. This is because we can keep the 
old diagrams when expanding A(S)C with A E X and the only new diagram is that 
of -D O which can weaken the bound mc only by a finite amount. Therefore we 
can always assume without loss of generality that the unit object I belongs to X 
and we do assume this in the sequel without warning. 
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Lemma 7.2. Let 2 C obC he a hounded fusion system in the monoidal No-category 
C and define fl = Yi^^jY A. Then 

F : C ^ Ab, FC = C{n, n Q YC) 

with monoidal structure induced from that of IF in |7.-?[ j is essentially strong. More- 
over, F'^C, which is FC with right R = EndQ-module action x-r := xor, is finitely 
generated and projective for all C G obC 

Proof. First wc prove finite projectivity of F'C for a fixed C by constructing dual 
bases. Observe that tfie arrows in (|7.3[) are labelled by pairs {A, i) G X x N and the 
number of such pairs for which B\^q is a given B is bounded by mc- Therefore 
we can choose injections 

{{A,i)\AeI, ie{l,...,nAs,c}, B\^c ^ B} > . {l,...,mc} 
for each i? G X. Taking disjoint union over _B G X this implies an injection 

{(A,i)|AG J, 1^1, ...,nA®c] ■ ' ' gT, j = l,...,mc}. 

This means that we can relabel the arrows in (|7.3p by using the middle object B 
and an integer j having i?-independent range: 

(7.4) A(»C ^ B ^ A(»C, J2J2pb°1b= 

j=i Bex 

where we set pg = Q and qg = whenever the pair {B,j) does not occur as 
the image of some {A,i). Define matrices = P^(C), = Q-^ (C) with rows 
and columns labelled by elements of I and with entries P^{C)a,b € C{B,A (g) C), 

Qi{C)B^AeC{A®C,B) hy 



P^{C) 



A.B 



\p-'g if {B,j) — t{{A,i)) for some i 
I otherwise 



'(C) 



B,A 



if {B,j) = L{{A,i)) for some i 
otherwise 



The matrices P^ have at most one nonzero entry in each column and the matrices 
have at most one nonzero entry in each row. All the P-', are column finite 
and row finite. Moreover, for each {B,j) the composite arrow ^ o Q-^ ^, is zero 
unless A! = A (and only for exactly one A). This leads to the matrix relation 



(7.5) Y.P\G)Q\G)^\ 



«iC, ®c 



with the appropriate unit matrix on the right hand side. Note that the direct 
summand condition (|7.4p correspond only to the diagonal elements of this equation. 
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The functor F can be rewritten up to isomorphism as foUows. 

FC = C{n, n YC) ^ Yl ^{YB, VI YC) ^ [| (f7 YC)B 

Bel SGI 

/D j-E 
/ nD(g)C{E,C)(S>C{B,D(E)E)^ 

/D j-E 
/ C{D,A)®C{E,C)®C{B,D®E) = 

= n \lC{B,A®C) 



Bex Aei 

Thus FC can be identified with the abehan group of column finite matrices x with 
rows and columns labelled by X and with entries xa,b G C{B,A C). In this 
language the monoidal structure utilizes the fact that column finite matrices can 
be multiplied and the result is again column finite: 

'Pc,d{x y)A',A = ^A^,c,D ° ^{^A'.B (E) D) o yB,A ■ 

B 

In the same manner the base ring R can identified with the ring of column finite 
matrices with entries rA,B 6 C{B, A), A,B £ X by 

^GIBGI 

Defining the dual functor 

F<:C°P^Ab, F<C ■.= C{nQYC,n) 

with the obvious monoidal structure we see that its base ring is R°^. By the 
isomorphism 

F<C ^ C(]J Y{A C), O) = C(A C, B) 

A A B 

the elements of this functor can also be interpreted as column finite matrices. 

We can now recognize the matrices (C) constructed above as elements of FC 
and the matrices Q^{C) as elements of F^C. Matrix multiplication yields right 
i?-module maps x i— > Q^{C)x from FC to R that, together with the P^{C)'s form 
a dual basis because of (|7.5p . This proves finite projectivity of F^C. 

In order to show strongness of the already normal monoidal functor F we have 
to show invertibility of the maps 

Fcoix^y) = {nQYc.D)oSL^YCYD ° {xQYD)oy. 

for all C, D G obC. For that purpose we consider the direct summand diagram 

qHc) pHc) 

(7.6) nQYC <-n <-nQYC, j^l,...,mc 

corresponding to Equation (|7.5p and verify by direct calculation that 

Fc^D^z)^y P'{C) {Q'{C)QYD)osin.YC,YDo{nQY-]j)oz 

i 

provides the inverse of Fc^d- D 
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Lemma 7.3. Any bounded fusion system X in the small monoidal Ah-category C 
produces a functor F by 17.2^ such that the associated functor F'^ : C Ain is 
faithful, reflects isomorphisms, reflects split epimorphisms and reflects von Neu- 
mann regular morphisms. 

Proof. Recall that by definition of bounded fusion systems every object C has a 
direct summand diagram 

(7.7) C ^B' 

with B' G I. 

In order to prove faithfulness of F suppose that Ft — for some t G C{C,D). 
This means that for all x : H. — > fl Q YC the composite (51 Yt) o x vanishes. 
In terms of column finite matrices this is equivalent to (^ (g) t) o xa,b = for all 
A,B£l. Setting I this implies t o s = for all s : i? ^ C and for all B Gl. 
Thus t — J2i t o p^ o = where p% are the arrows of (|7.7p . Therefore F is 
faithful. 

Next consider a i G C{C,D) such that Ft is an isomorphism. Denoting by 
LA ■ YA n the coproduct injections and by : 11 — > YA the unique morphism 
such that ta o Lb is the identity if ^ = _B and zero otherwise we obtain 

Fa.bC := C{B, A(g)C)'^FC, s^ {la YC) o F^^ oYsotb 

a split subfunctor, i.e., a direct summand of F for all A,B G X. The splitting 
morphism is 

FC ^ Fa,bC, X ^ {Ya,c o {ta QYC)oxo lb)^ (B) ■ 

It follows that the arrow FA,Bt is mono since Ft is mono and FA,Bt is epi since Ft 
is epi. Thus FA.Bt is an isomorphism for all A,B G X. Setting A — I we obtain 
that C{B, t) : C{B, C) C{B, D) is an isomorphism for all _B G I and it is natural 
in the i?-argument considered to run over the full subcategory of C with object set 
X. It follows that t is an isomorphism with inverse 

.:=^C(i3;,tr(p^)o,; 

q p 

where D — ^> Bj — ^ Z) is a direct summand diagram for D with B'j G X. Indeed, 

tos^ Y^C{B'^,t){C{B'^,t)-\p'^)) o =Y,p',o q'^ = D 

j j 

'°t = J2J2 C{B'^,tr\Pj) oq'joto p^ o q^ = 

i j 

= Y,Y.C{B\t)-\p'^oq'^otof)oq,= 

i j 

i 

where , g' are the arrows of (|7.7p . 

Assume that t : C — > D is such that FH is split epi. Then there is a : F^D 
F^C satisfying FH o tp — F^D. Representing elements of F'^C, F^D by column 
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finite matrices as before we can write 
B'ex 

for some $a,b € C(B <S: D,A^ C). Then the splitting condition is equivalent to 
the equations 

for A,B Substituting ^ = _B = / wc obtain 

tolco o 1-1 = D , 

hence t is split epi in C. 

Now assume that f : C — > £> is such that F'^t is von Neumann regular, F'^t oipo 
FH = FH for some ip G MniF'^D, F'^C). The $a,s constructed above satisfies 

which, for ^ = B = 7 yields 

which proves von Neumann regularity of t in C. □ 
7.2. Weak kernels. In order to ensure flatness of the functor 
(7.8) F<^ - n n C{B,A®C) 

BGXylel 

we need flatness of the functors C{B,A® _) and some coherence of the category 
in order to ensure that product of flat functors will be flat. Therefore we require 
existence of weak kernels in C. 

Definition 7.4. In any Ab-category an arrow s is a weak kernel of the arrow t if 

(1) tos = Q 

(2) and \ftoq = Q then there is an arrow r such that q = sor. 

Equivalently, s : B ^ C is a weak kernel oi t : C D if YB ^ YC ^ YD 
is exact in C. 

Lemma 7.5. The following conditions on an arrow t : C ^ D in an Ah-category 

C are equivalent. 

(1) t has a weak kernel. 

(2) The kernel ofYt, as a subfunctor ofYC, is a principal sieve on C. 

(3) IfV-^ YC is a kernel ofYt then there is an epimorphism YB V from 

a representable presheaf. 

Proof. (1) (2) The equivalence class of kernels of Yt is the sieve S consisting of 
arrows q to C for which toq = 0. If s is a weak kernel of t then all such q-s have 
the form sor for some r G C Thus S is the sieve generated by a single arrow, s. 

(2) =^ (3) Let V ^ YC be a monic representing the kernel sieve S C YC of Yt 
and let S be generated by s : S — > C. Then there is a u € VB representing s and 
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the natural transformation a : YB —^ V corresponding to v by the Yoneda Lemma 
is epi since the composite YB ^ ^ S" is epi. 

(3) (1) If a : YB ^ F is an epi onto the kernel V ^ YC of Yt then every 
q : A C such that toq^O belongs to the image of YBA ^ VA ^ YCA, 
hence q = s or for some r G YBA where s = (7b{B) as an element of YCB. Thus 
s : _B — > C is a weak kernel of t. □ 

li A w is a weak kernel oi A(S)t whenever w is a weak kernel of t then we say 
A (X> - preserves weak kernels. 

Lemma 7.6. Let C be an additive monoidal category with weak kernels and A G 
ohC. Then C{B,A(E) C ^ Ah is flat MB e ohC iff A® _ : C ^ C preserves 
weak kernels. 

Proof. (^) Let t G C{C, D) and let w be a weak kernel of t. li {A®t) ox ^ for 
some X : B ^ A® C then flatness oi C{B,A® _) provides an arow s such that 
t o s = and a y such that x = [A® s) o y. ^From the first relation we see that 
s — w o q for some q and therefore x factors through A(x) w. Thus A (g) w is a weak 
kernel of A(S^ t. 

{^) If t G C{C, D) and w is a weak kernel of t then for all B the image of 
C{B,A®w) is the whole kernel of C{B,A®t), hence C{B,A® _) is flat. □ 

Lemma 7.7. Let C he a small additive monoidal category, T be a set of objects of 
C and O := JJ^^^:^^- ^ weak kernels and A® _ preserves weak kernels for 
all object A then the functor 



Proof. Since C is additive, it suffices to show that axiom (flat-2) is satisfied. Let 
t G C{C,D) and x G Kei Ft. Then a; is a column finite matrix of arrows xa,b £ 
C{B, A® C) such that (A® t) o xa.b = 0. Let w : E ^ C he a. weak kernel of t. 
Then A®w\s& weak kernel oi A®t therefore there exist yA,B ■ B ^ A ® E such 
that XA,B = (A® w) o yA.B- This means that we could find an arrow w such that 
t o w — and such that x = Fwy for some y, hence F is fiat. □ 

Observe that even in the presence of weak kernels the functor ^ of (|7.ip need 
not be the left Kan extension of F = ^Y. What we can show is this. Let 7 denote 
the canonical mapping 



which is defined for all presheaves V and is natural in V. It is an epimorphism 

if V is finitely generated, i.e., if there is an epi a : YE V. As a matter of 

fact, in this case $7 cr is epimorph and Q, being a coproduct of representables, is 

projective. Therefore for every x : fl ilQV there is ay : ^ ilQ YE such that 

X = {^l® a) oy. Thus -fv is epi. On the other hand, ii k : V ^ YC is a sieve then 

K ®F is monic, since F is fiat, and therefore naturality o jy — jyc o [k ®F) 

c c 
implies that jv is monic. Thus 7y is an isomorphism for all principal sieves V. 



F : C ^ Ab, 



FC ■.^C{n,nQYC) 



is flat. 




a®^ 



(fj cr) o ^ 
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Before proceeding we would like to argue that in a certain sense assuming the 
existence of weak kernels is necessary. 

Insisting to the Ansatz (|7.8p to give a fiber functor let us drop the assumption 
that weak kernels exist and imagine that some other conditions on C ensure that 
F is flat. Any flat functor F defines a Grothendieck topology Tp in which 7f(C) 
consists of those sieves S* on C which are jointly F-epimorphic, see (|5.8|) . We have 
seen in Lemma l5.8l that the Grothendieck topology constructed from a fiber functor 
is precisely this construction. Since our functor F factors through a functor of 
finite type, every Tp-covering sieve S will contain an arrow e for which Fe is an 
epimorphism. But then i^^e is a split epimorphism since F^C is projective. By 
Lemma 17.31 then also e is split epi, hence the covering sieve S is the maximal sieve. 
This means that if (jT.Sp is flat then the topology Tp is the coarsest topology in 
which every presheaf is a sheaf. 

On the other hand, if T is any subcanonical Grothendieck topology, i.e., such that 
all representable presheaves are sheaves, then we may want not only the underlying 
i?- module F'C of the sheaf YC to be finite but the sheaf YC itself to obey some 
finiteness condition. Assume all representable presheaves are noetherian as T- 
sheaves. Since the inclusion of sheaves into presheaves is fully faithful, so reflects 
isomorphisms, this is equivalent to the statement that ACC holds for the set of all 
subfunctors V ^ YC that are sheaves. It is now easy to show, using additivity 
of C, that this implies that every sieve V which is a sheaf is the T-closure of a 
principal sieve. In particular, for every t G C the kernel sieve Vt of t, being closed, 
is such a sieve. Applying this argument to the coarsest topology Tp we see that the 
closure operation is trivial, hence the kernel sieves are principal, i.e., weak kernels 
exist in C. 

We do not claim, however, that the existence of weak kernels would imply that 
all the representable presheaves are noetherian. For later usage we record what we 
obtained above: 

Corollary 7.8. LetC be a small additive monoidal category with weak kernels, with 
bounded fusion and such that AiSi _ preserves weak kernels for all object A. Then for 
any bounded fusion system X the functor F of |y.g[ j, which is an essentially strong 
monoidal and flat by Lemmas \7.S\ and \7.7\ is such that the monoidal Grothendieck 
topology associated to F via the idempotent monad T of Proposition \^. 7| is the 
coarsest Grothendieck topology on C. Thus every presheaf is a T -sheaf. 

7.3. An Almost Duality Theorem. The assumptions we made in the previous 
Subsections are suflicient to prove the following result. 

Theorem 7.9. Assume the small additive monoidal category C has weak kernels 
and bounded fusion and let A>Si _ preserve weak kernels for all A G oh C. 

(1) Then there is a ring R, a right R-bialgebroid H and a monoidal equivalence 
C ~ A4^ of the category of presheaves over C with the category of right H- 
comodules. 

(2) If C also has splittings of idempotents then, and only then, C is equivalent, 
by restriction of the equivalence in (1), to the full subcategory Al^p of H- 
comodules that are f.g. projective as right R-modules. 
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C 



(7.9) 



Y 



I 



C 



C 




Proof. Let X be a bounded fusion system and F : C — > Ab the associated nionoidal 
functor (|7.2p . Let R be the ring which is the image under F of the unit monoid 
/ of C Then Lemma 17.71 impHes that F is fiat and Lemma 17.21 implies that it 
is essentially strong monoidal with base ring R and with F'^ : C ^ A4r having 
image in the subcategory of f.g. projective i?-modules. By Proposition 15.141 the 
category Cj of T-modules is equivalent to the category of i?-comodules for a left flat 
right bialgebroid H. By Corollarv l7.8[ every presheaf is a sheaf therefore Cj = C, 
as subcategories of C, thus the comparison functor : C — > is a monoidal 

equivalence. This proves (1). 

In Lemma [731 we have shown that F is faithful and reflects isomorphisms. C has 
kernels for i^^-split epis since by the same Lemma such arrows are split epis in C 
where idempotents split. Similarly, C has cokernels of arrows t for which FH IS von 
Neumann regular. Indeed, by Lemma 17.31 such a t itself is von Neumann regular 
and therefore have cokernels (and kernels) by splitting the appropriate idempotent. 
This cokernel is then also split hence F" preserves it. This proves that F is a fiber 
functor in the sense of Definition 16.5] Therefore, by Theorem l6.6i C is equivalent to 
the full subcategory of for a left flat right bialgebroid H over R in such 

a way that the rhomboid middle of diagram (|6.ip reduces to diagram (|7.9p . Vice 
versa, if the equivalence (1) restricts to an equivalence C ~ -^f^p then idempotents 
split in C since this property is trivially satisfied in Ai^^. This proves (2). □ 

Corollary 7.10. ForC as in Theorem \ 7.9^ (1) there exists a ring R and a left exact, 
strong monoidal, comonadic functor J- : C ^ rMr with image in himodules that 
are f.g. projective as right R-modules. 

Proof. Take T to be the strong part of the left Kan extension of the fiber functor 
F constructed in Theorem 17.91 □ 

The comonad associated to this comonadic functor is, of course, that of an R- 
bialgebroid. 

If we assume that C has kernels in addition to finite (co)products then splitting 
of idempotents follows automatically and flatness of the functors C{B,A® _) is 
equivalent to that A® _ preserve finite limits. Therefore we obtain the following 

Corollary 7.11. Let the small monoidal Ah-category C have finite limits and 
bounded fusion and assume A lE) - preserves kernels for all A G obC. Then C 
is monoidally equivalent to for some coarse bialgebroid H . 



Let F and F' be fiber functors in the sense of Definition 16. 51 Then the construc- 
tion described in Sections [H [4] and [5] yields functors J- , Q , IC, . . . for the first and 
T' , Q', K,', . . . , T' for the second functor. Combining the two data sets determine 
new objects such as the left exact monoidal functors 
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JC'C : M 



H 
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H' 
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the bicomodule algebras 

A:=G(S)F' e "M"', B := G' ® F e M" , 
c c 

the monoidal natural isomorphisms 

FUA^ F' , F'UB ^F , 

H h' 

. . . , etc. 

In this section we would like to study these objects under the additional assump- 
tion of existence of left and/or right duals in C and the existence of coarse fiber 
functors on C. 

8.1. Some general observations. Let us start on the general level of Theorem 
16.61 with C a small additive monoidal category. 

Lemma 8.1. Let F and F' be fiber functors on C with associated bialgebroids 
H and H' . Then there exists a (monoidal) equivalence £ : ^ and a 

(monoidal) natural isomorphism SKY — > IC'Y if and only if there is a (monoidal) 
monad morphism T ^ T', implying that a presheaf U is a T -sheaf precisely when 
it is a T'-sheaf. 

Proof. Assume £ exists. Since every object M of can be written as a colimit 
colimj KYCj and both £ and IC preserve colimits, we immediately get monoidal 
natural isomorphisms £1C = K.' , C = >C£^*, where is some right adjoint of f , and 
therefore J ^ CK. ^ L'K! = T'. 

Assuming T and T' are isomorphic monoidal monads we obtain isomorphic sheaf 
categories and therefore a monoidal equivalence ~ Cj — Cj' ~ . □ 

But Fl and Fl' can have isomorphic comodule categories without their Grothen- 
dieck topologies being the " same" . As an experimentation consider the following 

Definition & Lemma 8.2. Let two Grothendieck topologies be given on the same 
category C described by two left exact idempotent monads T and T'. We say that 
the two Grothendieck topologies are equivalent and write T T' if '^v'^ is invertible 
for all T-sheaves \J and T'vjji is invertible for all T' sheaves U' . 



XT', 



Proof. This relation is evidently symmetric and reflexive. As for transitivity con- 
sider three left exact idempotent monads such that T ~ T', T' ~ T" and let U he a 
T-sheaf. Naturality of v, v' and v" leads to the three commutative squares of the 
diagram 

U JU IVU TT'V 

(8.1) ^Tv'i ^TT'u- 

V'U TV'U TVV'U JTl^ TVV'T'U 

By assumption all the four items in the top-right composite are invertible. Therefore 
ly'j^ is split monic and TT'T'V[, is split epi. Since the left hand side of the naturality 
relation Tv'jj o vjj = i^'u ° ^'u is invertible, we obtain that v'jj is split monic. 
Therefore TT'T'V^ is an isomorphism and the diagram implies that Tvj,,^ is a split 
epipimorphism. Since T"U is a T"-sheaf, the left hand side of the naturality relation 
T'Vj„[; o j/y„j^ = ^'t'T"c/ ° ^T"(7 is invertible, implying that v^^njj is split monic. But 
then Tvjnu is invertible and the above diagram implies T^^ is invertible. 
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Repeating the same argument with T, T" interchanged we conclude that T"vuii 
is also invertible for all T"-sheaves U". Therefore T ~ T". □ 

Lemma 8.3. // two fiber functors F and F' on C have equivalent (monoidal) 
Grothendieck topologies, T ^ T', then the functors ICC , JC' C establish a monoidal 
adjoint equivalence Ai^ ^ Ai^ . 

Proof. T = CIC inverts an arrow iff IC does and every presheaf in the image of C is 
a T-sheaf. Applying these two observations for T and T' one can easily verify that 
the composites 



and 



9-^ Kv'C 

ICC ICC K!C 



K!LKC K!C M" 



are isomorphisms and provide the unit and counit of an adjunction. □ 

Corollary 8.4. If F and F' are coarse fiber functors then their bialgebroids H and 
H' are monoidally Morita-Takeuchi equivalent. 

8.2. G as a Galois object and right autonomy. For any essentially strong 
monoidal and flat functor F : C ^ Ab we can define the monoidal (pre)sheaf G = 
SU £ C ('Subsection l5.4[) where — Q'^T^ and the following natural transformation 

7 := G G >- GqSG S^{I G) >- S^G 

Looking at as a semicomonad on C with comultiplication 77" S"" : S"" S^S^ and 
defining comodules of as arrows V ^ S^V for which 

V S^V ! S^S^V 

S»a 

is an equalizer we see that G S^G, just like every T-sheaf, is an S'l'-comodule. 
Moreover, 5" has a monoidal counterpart S = r]QT) which is related to 
as Q is to Q". Now the S'''-comodule 77" is underlying the S'-comodule 77 and this 
latter is a monoidal natural transformation. This means precisely that the coaction 
G SG is compatible with the monoid structure (G, m, u) of G. This suggests 
that we should consider 7 as the Galois map of the S'-comodule monoid G in C 

Assuming finite projectivity of the right i?-modules F^C we are dealing with a 
bialgebroid H and every strong monoidal J-' applied to 7 gives rise to a Galois 
mapping for the left H = JTG-comodulc algebra A := T'G 

jA (^A(^ A '^"^ . J^'(G0G) . T'g^T^G^H^Aj 

The monoidal category C is called right autonomous if every G £ ob C has a right 
dual object *G with evaluation evc : G *G ^ / and dual basis dbc : / ~^ 
*G G. Phung Ho Hai proves in [281 Theorem 2.2.4], among others, that for right 
autonomous C the Galois mapping 'jh : H (g) H ^ H (g) H is invertible. In fact right 

R R 

autonomy implies somewhat more as we are going to show next. 
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Proposition 8.5. Let {C, F) be a fiber functor and assume that C is right au- 
tonomous. Then ^ : G Q G H ® G is an isomorphism and for all fiber functor 

R 

F' the left H-comodule algebra A = G ® F' is a Galois extension of the base ring 

e 

R' of F' via the canonical sa ■ R' ^ A, r' i-^ 1^ r'. 

Proof. At first we show that the iJ-coinvariant subalgebra is indeed sa and then 
construct an inverse for 7 which will then will imply invertibility of for all F' . 
The left iJ-coaction on A is the mapping .F'r?^ : A PQ^T'^G H ® A, 

R 

g®x' ^ J2ii9 ® x^) (g) ifi: x') where Y.i 'S' f}j e FG ® GG denotes the dual 

C C R C R R 

basis associated to the fact that GG is the left dual bimodule of FG. The object 
of coinvariants A'^°~^ is defined as the coequalizer of J-'t]q and the trivial coaction 
jr'(^S j7t)^S which sends a to 1^ <Xi a, up to the isomorphism T'Q^PG = H i^A. But 

^ R R 

the equalizer 

(8.2) A'=°-" > A = T'G \ T'g^T^G 

is nothing but the image under T' of the equalizer defining C}K}I = T/, 

(8.3) L^K}i ^ . g^Pi ; g^Pg^Pi . 

Since F is subcanonical, / is a T-sheaf and we obtain that A'^"'^ ^ A can be 
obtained as the composite 

R' ""-X Pi i PC^K}i '-^ PG = A 

which, by (gS]), is Ptf- o N'J^ : r' ^ I ® r' ^ II ® r' = SA{r'). This finishes the 

^ II 
proof of that sa '■ R ^ A\s the coinvariant subalgebra. 

The value of 7 on the generators (I2.4|l is 

li\f,9A%B)^Y.^9®^B) ® GtoGA.Bifr^fh)- 

BR L 

i 

In order to write up the inverse we choose right duality data (C, *C, evc,dbc) in 
C and left duality data {FG,GG = {FG)* ,evFc,<ii>Fc) in rMr for aU object G. 
Notice that X^i^c ® fc ~ ^fc{^r)- We also use the isomorphism vc ■ FG ^ 
(F*G)* given by 

FG FG(E)F*G(g)(F*Gy {F *G)* , 

R R 

up to coherence isomorphisms, where {FG, F *C, evpc, dhpc) are right duality data 
in rA4r induced by the chosen right duality data in C. Explicitly, 

Pc, *c Fcvc — 

(8.4) evFc = FG (g> F*G F{G (g> *G) <~ FI ^ R 

R 

_ Fdbc ^'c.c 

(8.5) dhpc = FI -F(*C®C) ^F*G®FG. 

R 



64 



K. SZLACHANYI 



We claim that the inverse of 7 is 



7c 



-1 



Gc, 'A{g ® va{x)), /, ac, *A,A o (C ® db^) o 



As a matter of fact, 

iclc^ {{f ® x) ® g) = 

A R 

= T^if^^A) ^ Gr-c^oG{CmhA}oGac.*A.AoGc^'A.Ao(Gc, .^®GA) {{gmAix))^/^) 

A R L L L 

= T,,if'»XA)^Gr-^oG{C(gidhA)oGc,'A»AoiGC(SG*A.A) 

A R L L L 

=T,iif<^XA)fGr-}oGc,i ig(^GdhcoG.A.AivAix)(^rA)) 



A R 

and 

ic^ic{[f.gAA,B) = 



c 



T.i\Gc,'B{GtoGA.B(f®fB)(^VB{x's)),g,eiC,'B.B°{C®dhB)°OT^^ 

Hi Ga»B, * B{GA,Bif(S)fB)(g>VB{xB)), g, SLAlgB. * B ,B °iiA(S>B)<^dh B)or2l) b°A 

\_ L L J * B,B 

U® J2,GB,'BifB'»-"Bix'B)) )-9,'iA^B<g,'B,B°^Alg,B,*B.B°{iA(S>B)<S)dhB)or-^^^Ot\ Jgj, 



GcVB(li) 

[GA,/(/(»lt), S,aA,/,i3o(Ai8)(evsi8)B)oaB_ . B_Bo(B®dbB)or^^)otl 



= [f,g,t]lB- 

□ 

8.3. Left autonomy. Assume that the small additive monoidal category C is left 
autonomous, i.e., every object C has a left dual C* with evaluation morphisms 
eve : C* ® C ^ I and coevaluation or 'dual basis' dbc I ^ C ® C* satisfying 
the usual rigidity or adjunction relations. We denote by (_)* the corresponding 
left dual object functor C (jop.rov .^^jjjch is fully faithful but need not be an 
equivalence. 

Since strong monoidal functors preserve left dual objects, the obvious advantage 
of existence of left duals in C is that for any strong monoidal functor F : C ^ rM.r 
the bimodules FC are f.g. projective as right i?-modules. Therefore the finiteness 
property of fiber functors in Definition 16.51 holds automatically. 

The following result is a well-known generalization of Saavedra's [1^ Proposition 
5.2.3]. 

Lemma 8.6. Let A4 be a monoidal category and C a left (or right) autonomous 
monoidal category. If F, G : C A4 are strong monoidal functors and u : F ^ G 
is a monoidal natural transformation then u is invertible. 
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Proof. Although M is not left autonomous the objects FC, C G obC have left 
duals namely FC* with 

(8.6) evFc ■■ FC* ® FC F(C* ® C) FI ^ R 

(8.7) dhpc-R^Fl''-^ F{C(g)C*) ^ FC ® FC* 

where R is the unit of M.. Similarly, we define evcc and dbcc for C £ obC Let 
V : G ^ F he defined (with coherence isomorphisms suppressed) by 

vc ■■= [FC ® evGc) o [FC ® uc- ® GC) o [Ahpc ®GC). 

Then using monoidality of u it is easy to show that uq ° vc — CC and vc ° uc = 
FC. □ 

Therefore if F, F' are fiber functors with isomorphic base rings, R = R', and 
C is left autonomous then any monoidal natural transformation — > i^' is an 
isomorphism. Unfortunately, this conclusion fails for arbitrary R and R' and does 
not say anything about F and F' if they are not connected by a monoidal natural 
transformation. We can instead consider for arbitrary fiber functors F and F' the 
i?-i?'-bicomodule algebra 

A:^C(g)F e ^M"' . 
c 

In order to study the properties of A we need to know more about G when C has 
left duals. 

Proposition 8.7. Let {C,F) be a fiber functor. If C is left autonomous then the 
pointwise left dual CC = (FC)* = FC* is a fiber functor G on C°p. 

If C is also right autonomous then F is coarse on C iff C is coarse on C°p. 

Proof. We have already seen in Subsection 15.41 that G is a strong monoidal functor 
C°P ^ lMl = rM'^\ 

C is flat: Axiom (flat-1) for flatness of C : C°p Ab is automatically true since 
C°P is additive. Axiom (flat-2) requires 

V t e C{A, B) and V .g £ 7W r{FB, R) such that g o Ft = 

3 s e C{B, C) and 3 / e Mr{FC, R) such that s o t = and 
/ o Fs = g. 

Using that FC* is a left dual bimodule of FC, so CC = FC* , we can reformulate 
(flat-2) for G as follows: 

V t e C{B*,A*) and V 5 G FB* such that Ftg = 

3 s e C{C*,B*) and 3 / G FC* such that t o s=0 and Fsf = g. 
Now this is clearly a consequence of flatness of F. 

C is faithful and reflects isomorphisms: Since G = f(-)* and (_)* is fully 
faithful, the statement follows from the respective properties of F. 

If Ch is epi then t has a kernel in C°P: Let t : A ^ B and a : G'^A ^ 
G^B (zMl= rM be such that CH o a = G^A. Construct *a : F^B F^A by 
*a{y) := a;^-((T(/^), y) which is aright i?-module map and obeys *aoFH = F^A, 
i.e., Fh is split monic. But then FH is von Neumann regular and therefore t has 
a cokernel in C. But this means precisely that t has a kernel in C°p. 

If CH is von Neumann regular then t has a cokernel in C°p and preserves it: 
Lett : A~* B anda : G^A G^B ^Ml^ rM be such that CHoaoCk = G^A. 
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Then the V constructed above satisfies Fho *aoFH = Fh, so FH is von Neumann 
regular. By Lemma lGJl Xt has a kernel in A^^p and by the Representation Theorem 
t has one in C. This means precisely that t has a cokernel in C°p. If A: is a kernel of 
i in C then Fk is a kernel of Ft and using the * ( _ ) functor on nAdu it is easy to see 
that Gk is the cokernel of Gt. Therefore G, and G", too, preserves such cokernels. 
This finishes the proof of that G is a fiber functor. 

In the Grothendieck topology the covering sieves on G € C°p are the 'cosieves' 
S from G such that {Gs|s G S} are jointly epimorphic on GG. This is equivalent 
to that {Fs|s e S*} is jointly epimorphic on FG* . Denoting by S*C the sieve 
generated by S* we obtain 

Tg{G) ^ {S cosieve from C\S*Ce Tf{C*)} . 

If C is autonomous then (_)* is an equivalence therefore S*C — S* . So, F is coarse 
iff every sieve in Tf{G*) contains the identity G* iff every cosieve in 7g{G) contains 
G iff G is a coarse fiber functor on C°p. □ 

Corollary 8.8. Under the assumtions of the above Proposition all the representable 
presheaves C{G, _) on C°p are sheaves for the monoidal Grothendieck topology in- 
duced by G on C°p. 

Since the pointwise left dual of the G" : C°p TMl is bM{GG,R) = FG 

the L-bialgebroid one constructs from the fiber functor G is the 'coopposite' right 

bialgebroid H"^""? of H. This means that H'^°°p has the same underlying ring G<E)F 

c 

as H but the source and target maps are interchanged and the comultiplication is 
the opposite of H (with ® replaced by (i) ) . Therefore the right ^^^""P-comodule 

R L 

category can be identified with the category ^ M of left i/-comodulcs. By the 
Representation Theorem we obtain the following 

Corollary 8.9. // (C, F) is a fiber functor with C left autonomous and Cauchy 
complete then the full subcategory f^p-M C ^ A4 of left H -comodules that are f.g. 
projective as left R-modules is monoidally equivalent to C°p via G {GG, Xc) 
where Ac : GG H®GG, g ^ ^ ^^c) ® /c- 

R C R 

The bialgebroid iJ = G F is a proper extension oi L = _R°p via the target 

c 

map tff simply because t^ is a section of Eh- For arbitrary fiber functors F, F' the 

ring A — G (i) F' can still be a proper extension of L via tA without, however, any 

c 

mapping analogous to Eh- The following Lemma is therefore a nice application of 
the fact that G is a fiber functor on C°p. 

Lemma 8.10. If C is a small additive left autonomous monoidal category and F, 

F' are fiber functors on C then tA '■ L A = G (i) F' , I i—^ I (g) 1^/ is a monic, so 

e I 

A/ L is a proper ring extension. 

Proof. If F' is a fiber functor then so is its pointwise left dual G'. Therefore we 
have an adjunction T' H Q' where T' — G' ^ - and, by the finitess condition on G', 

c 

Q'X ^ X®F' for any right i'-module X. Let ry' denote the unit of this adjunction. 

l' 

Evaluated on the unit presheaf, 

??/ : / ^ Q'T'i = Q'[G' ® I) ^ G'iG'I) ^ G'l ^F'9^F' 

e L' 
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is a monomorphism since / is a T'-sheaf (cf. Corollary 18.81 and Lemma [5. 8|) . Now 
applying the exact f associated to the fiber functor F we obtain the monic 

L^G®I = T1 ^ TF' ^G®F' = A 

c c 

which maps li-^l(E)Ii-^l(E) so it is equal to tA- □ 

Next we study the Galois properties of ^ as a right i/'-comodule. Consider the 
mapping 

(3a ■ A ^ A^H', a (g) a' aa'^"'' (K'a'*-^^ 

L r' L r' 

If F' — F, hence A is the bialgebroid H = G (E) F, we obtain the Galois map 

c 

Ph : H ® H ^ H ® H the invertibility of which is the defining condition for the 

L R 

right bialgebroid to be a right x-Hopf algebra [21], also called Hopf algebroid in 

m- 

Phimg Ho Hai proves in Theorem 2.2 A], among others, the following state- 
ment: If C is left autonomous then the i?-bialgebroid _ff is a Hopf algebroid, i.e., 
H (g) H ^ H ^ H is invertible. We can generalize this to all the i/'-comodule 

L R 

algebras A as follows. 

Proposition 8.11. Let F, F' be fiber functors on the small additive left au- 
tonomous category C. Then A — G ® F' is a right H' -Galois extension of the 

c 

subalgebra tA ■ L A, I y-^ I 1^/. 

Proof. Define a subfunctor p''^°~^ of F' by the equalizer 
(8.8) F"°-"' > F' ! F' ® H' 

F'®1„, a' 
r' 

the elements of which are the elements (a;', C) of F' satisfying the equation 
y 8) (/c ® a;') = x' (1^ ® 1^,) . 



A comparison with Equations ()8.2|) and ()8.3p helps to recognize this equalizer as 
the one defining TJ where T is the monoidal idempotent monad on the presheaf 
category C — Add(C, Ab) associated to G and / — C{I, _) is the unit object of C. 
By Corollary 18.81 / is a T-sheaf therefore F''^°~^ = I . Now apply the left Kan 

extension G Cg) _ of the fiat functor G to this equalizer and notice that we obtain 

c 

the equalizer 

r' 

defining the coinvariant subalgebra of A. Therefore A"^"'^ = G ® I = GI = L 

c 

proving that lA^ is an i7'-extension. 

Since L is the coinvariant subalgebra of A^ , the mapping (3a is indeed the 
Galois map associated to the H' comodule algebra A. We are left to show that (3a 
is invertible. At first we observe that (3a has a factorization 

A® A G ® (F' F') ^ G(g,iF' ®H') = A(E H' 
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where the first arrow is invertible since G (X) - is a strong monoidal functor on 

c 

C and (3 : F' Q F' F' ^ H' , which no longer depends on the fiber functor 

r' 

F, provides the Galois map of F' as a monoid object in the presheaf category 
C. Like for presheaves over C we denote the elements of the convolution product 
F'QF' ^ F'A (E) F'B ® C{A (S)B, _)hy [x, y, t]^ g. We obtain the following 

formula 

Piix, y, t] a,b) = J2^'* ° ^aM^ ® ""b) ® ifh y) 

^ ^ R' B.' B 

1 

where Y.^^''B ® Pb ^ P'B ® G'B is the dual basis for G'B = (F'C)*. The left 

r' r' 

autonomous structure allows to write down the inverse of /3 as 

P^^{z(S{h(Sy)) = [F^j B,{z (g) WB{h)),y,rc o (C (g> evB) o a^^g, ij]c®B*.B 

R' B r' ! ! . 

where w denotes the natural isomorphism wb ■ G'B = {F'B)* ^ F'B*. Indeed, 

PcoP^^{z(g,{h(g)y)) = 

r' b 

R.' R.' R.' R' B 

= J2iF'rcoF'iC(»cvB)oF^_g,^Bo{F'C»F'g,B){z(S(wB{h)(g>x],)) « (f^^y) = 

r' r' r' r' b 

= Hi z-C^.^b) Ub^v) = 
r' b 

= z®{h®y) 

r' b 

and 

Pc^oPciix.yAA.B) = 



^C®B* ,B 



A.B 



F' dbB(ln') 

= [F'((mB-')oeLA B.B'°{AmhB)or^^)x, y, rco(C®oVB)oa~_^^. ^^]^^^^ ^ 
= [a;,a,rco(C(»cVi5)oa^_^^,_^o((t®B*)®B)o(a^_B,B*'»S)o((A«)dbi5)®B)o(r-i®B)] 
— [x,y,torA»Boi{A(g>B)(g)cVB)o8L^^^g g, go{aA B.B'<!i>B)o{{A<g)dhB)(g)B)o{r-^(S>B)]'^ ^ 

show that f3 is invertible and therefore so is (3a for all fiber functors F and F' . □ 

8.4. Coarse fiber functors of corings. Recall [5^ that an object X in a co- 
complete Ab-category Ai is called small if every morphism X — > Yiiei ^^^'^ 
a coproduct factors through a finite subcoproduct Yii^Xg ^ Uiex^«' This is 
equivalent to that the hom-functor A4{X, _) : — > Ab preserves coproducts. Let 
proj(A^) denote the full subcategory of a cocomplete Ab-category A4 the objects of 
which are the small projective objects. 

Lemma 8.12. (1) IfC is an essentially small additive category with splittings 
of idempotents then the small projective objects of the presheaf category 
C = Add(C°P, Ab) are precisely the representable presheaves. 
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(2) For any ring R' the category proj(A^ii;') coincides with the full subcategory 
A^^P of f.g. projective modules. 

(3) For an R' -coring H' we have an inclusion proj(A^^ ) C Mf^^, i.e., the 

forgetful functor : M.^ — > Mri preserves small projective objects. 

(4) If H is a coarse R-coring then proj(A^^) — A^^p, i.e, the forgetful functor 
preserves and reflects small projective objects. 

Proof. (1) It is a simple consequence of the Yoneda Lemma that representable 
presheaves are projective. That they are also small follows from the usual structure 
of coproducts of abelian groups. If P is a projective presheaf then it is a summand 
of a coproduct of representables. If P is also small then it is a summand in a 
finite coproduct of representables. If C is additive then P is a summand of a single 
representable and if idempotents split in C then P is representable. 

(2) follows from (1) since A4r' is a presheaf category. 

(3) Observe that J-'^ is doubly left adjoint for any coring hence its right adjoint 
— _ (g) H preserves epimorphisms and coproducts. It follows then from the 

adjunction isomorphism Mr'{T"' P,X) = M^' {P,Q"' X) that if P is small or 
projective then so is P. 

(4) H being coarse means that A^-^ is equivalent to the presheaf category C over 
C = A^^p via M 1-^ M"{-,M). If M e Al^p then this presheaf is representable, 
i.e., a small projective object by (1). Therefore reflects small projectives. 
Preservation follows from (3). □ 

Lacking of monoidal structure in this subsection we are using the term 'fiber 
functor' to mean functors which obey what F^ : C ^ A4b. does in Definition 16.51 

Proposition 8.13. LetC be a small additive category with splittings of idempotents 
and let F : C ^ Mr be a fiber functor. Associated to these data we have the left 

Kan extension functor J- : C A4b., the R-coring H ~ G ® F , the comparison 

c 

functor K. : C ^ , the idempotent monad T and the Grothendieck topology Tp. 
The following conditions are equivalent: 

(1) F reflects split epimorphisms. 

(2) Tf is the coarsest Grothendieck topology on C, i.e., F is a coarse fiber 
functor. 

(3) ]C is an equivalence. 

(4) J- is comonadic. 

(5) T is faithful. 

(6) T is isomorphic to the idempotent monad 1 on C. 

(7) M (— > A4^ {- , M) : A^^p Ab is an equivalence of M.^ with the category 
of presheaves over M^^, i.e., H is a coarse coring. 

Proof. (1) (2) Assume 5 is a covering sieve on C w.r.t. the topology Tp, i.e., 
{Fsjs G 5} is a jointly epimorphic family of arrows to FC. Since FC is finitely 
generated, there exists a finite subset{si, . . . , s„} C S and elements Xi G F(domsi) 
such that {FsiXi} is a system of i?-generators for FC. Since C is additive, we can 
construct a direct sum B of the dom Si and an arrow t 6 SB such that Ft is an 
epimorphism. Using that FC is projective we conclude that Ft, hence also t, splits 
therefore S contains the identity C. 
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(2) ^ (1) Let t S C{B, C) be such that Ft is spht epi. Let S be the sieve on C 
generated by the arrow t. Since Ft alone is already epic, S" is a covering sieve on 
C. By assumption S must contain the identity arrow therefore t is split epi. 

(2) =^ (3) If every presheaf is a sheaf then together with 9, is an isomorphism, 
hence /C H £ is an adjoint equivalence. 

(3) <^ (4) By definition of comonadicity. 

(3) => (6) The unit of T is easily seen to provide a monad isomorphism 1 —> 
T : C ^ C. 

(6) =^ (2) If 1,5 : 1 — > T is a monad isomorphism then the unit preserving property 
of monad morphisms implies that ipu = vjj. Thus v is invertible and every presheaf 
is a sheaf. 

(3) <^ (7) By the Representation Theorem K, restricts to an equivalence of the 
representables with A^^p and M { _ , M) is the right adjoint C of /C. 

(4) => (5) Every comonadic functor is faithful. 

(5) => (1) Let t e C{B, C) be such that Ft = TYt is split epi. By faithfulness of 
T the arrow Yt is epi and its target YC being projective it is also a split epi. By 
the Yoneda Lemma the splitting morphism YC — > Y B must be Ys for a unique 
s G C{C, B) which is then a splitting morphism for t. □ 

8.5. An Ulbrich Theorem for Hopf algebroids. If C is autonomous, i.e., it 
has both left and right dual objects, then for any pair of fiber functors F, F' the 
bicomodule algebra A = Af,f' = G Ci) F' is a left iJ-Galois extension of R' and 

c 

a right 7?'-Galois extension of L by Propositions 18.51 and 18.111 Also, by flatness 
of i^', A is the filtered colimit of f.g. projective, hence flat i?-modules rG, hence 
Al = i?v4 is flat. Similarly, since G is flat as a functor on C°p by Proposition 18.71 
Ai^r is flat. But F'G is f.g. projective also as left i?'-module therefore fi/A is flat, 
too. 

If F is a coarse fiber functor then G ® _ : Add(C, Ab) — > Ab is faithful by 

c 

Proposition 18. 131 (5). Since A (g) _ : r'M Ab is the composite of G (g) _ with the 

r' c 

faithful functor X i-^ F' (g) X , in this case A^j/ is faithfully flat. 

n/ 

Corollary 8.14. If F is a coarse and F' is an arbitrary fiber functor on the small 
additive Cauchy complete autonomous monoidal category C then Afj/ is a faithfully 
fiat left H -Galois extension such that j^A is fiat. 

This looks like as one half of an Ulbrich's [371 Theorem 1.2] since A is the value 
at H of the monoidal functor 

A := . a A = {_ a G) (g) F' = J^' C : M" r'Mw 

H He 

where C is an equivalence since F is coarse. This functor is always exact but 
cannot be expected to be faithful unless F' is also coarse. Certainly there are other 
properties of A that can be shown to hold for all fiber functor F' but we don't 
know yet which of them imply the converse of the above Corollary. Let us proceed 
gradually. 

The proof of the following Proposition is an adaptation of the proofs of j37l 
Theorem 1.2] and [31 Theorem 5.6] . 
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Proposition 8.15. Let H he a right R-bialgehroid and Ani a faithfully fiat left H- 
Galois extension of a ring R' such that rA is flat. Then the functor A = _ O A : 

H 

M.^ W-Mr' is a colimit preserving left exact strong monoidal functor. 

Proof. Since A is the limit of a finite diagram of colimit preserving functors _ ® A, 

R 

_ ^ H ^ A, A preserves filtered colimits and therefore coproducts, too. 

R R. 

Consider the following isomorphism 
(8.9) Tm ■■= A ® (M □ A) ^ Af □ (A A) M a (H A) ^ M A] 

\ r' H H ft' He. J 

in _AA4r' which is natural in M G and maps a (g) (m □ 6) m (g) ab. Since 

r' r 

_ ® A preserves and A® _ reflects both epimorphisms and monomorphisms, A is 

R R' 

exact. This proves that A preserves all colimits and it is left exact. 
In order to show strongness of the monoidal structure 

Am n ■■ [M U A) ® (N U A) [M ® N)U A 

H H R H 

(m U a) ® [nUh] ^ [m ® n) U ab 
r' r 

Aq : R' A 

H 

r' 1_R □ SA(r') 

look at the commutative diagram 

Tm®(NuA) 

A® {MO A) (® {NO A) — - — > M At^{NOA) 

R' H rI H R rI H 

^ M®N 

A®{{M ®N)OA) "-^ M®N®A 

r' R R R R 

and use that A _ reflects isomorphisms. An is invertible because the defining 

R.' 

equalizer oi RO A exhibits it as the subobject A"^"'^ C A which is represented by 

H 

sa '■ R' Ahy assumption. □ 
Lemma 8.16. If H is coarse then A : M-^ — > r'-Mr' is left adjoint. 

Proof. Since is the presheaf category on C — M^^, A will be shown to be 
left adjoint by Lemma 12.21 once we can show that A is the left Kan extension of 
its restriction to C. Using that H is coarse, so M i-^- A4^{-,M) is an equivalence 
C, and that C is dense in we can write any object M as a colimit 
colim; Ci oi Ci £ C and compute the left Kan extension on AI as 

M"{-,co\imiC^) ® (. □ A) ^ colimj (M"{.,C^) ® (_ DA) ) ^ colini,(C,; □ A) 



which shows that A is the left Kan extension of its restriction to C iff ^ is cocon- 
tinuous. But we have seen in the Proposition above that A is cocontinuous so the 
proof is complete. □ 
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Lemma 8.17. In addition to the assumption made in Proposition \8. 15\ and Lemma 
\8.16\ we assume that the Galois map (3h : H ® H ^ H ® H is invertible. Then the 

L R 

functor A : r'M.r' satisfies the following finiteness condition: AAI is f.g. 

projective as right R' -module provided the object M G is f.g. projective as right 
R-module. 

Proof. By Proposition 18.151 A is strong monoidal, in particular it preserves right 
dual objects. By a non-trivial result of Phung Ho Hai [251 Proposition 1.8.2] the 
forgetful functor — > rM.r reflects right dual objects. □ 

Corollary 8.18. Let H be a coarse R-bialgebroid such that [3h is invertible and 
let Apif be a faithfully fiat left H -Galois extension of a ring R' such that j^A is flat. 
Then the functor A := _ □ A : — > R'Mr' factors through the forgetful functor 

H 

J-^ : Ai^ — !■ R'M-R' of an R' -bialgebroid H' via the reflection K.' of a monoidal 
localization C : M^' . 

We shall denote by F' the restriction of ^ to C = A^^p and our purpose is to 
show that F' is a fiber functor. In order to show that it is faithful we need A/L to 
be proper, see Lemma 18.101 

Lemma 8.19. Let H be a coarse R-bialgebroid such that fSn is invertible and let 
Aji' be a faithfully fiat left H -Galois extension of a ring R' such that jiA = A^ is 
flat and assume that A/L is a proper ring extension. Then F' : C R'M.R' is 
faithful. 

Proof. For a proper ring extension L A and for any left L-module map t : M ^ 
N \i N \s f.g. projective then A®t — Q implies t = Q. Applying this on the right 

L 

hand side of the isomorphism F in (|8.9p we obtain that At = implies t — Q. 

(This argument can be used to show that if At is an isomorphism then t is monic. 
However, invertibility of t does not seem to follow because cokert can be completely 
torsion. ) □ 

After these preparations we can formulate the main result of this section. 

Theorem 8.20. Let C be a small additive Cauchy complete autonomous monoidal 
category and F a coarse fiber functor on C with base ring R. Let H denote the coarse 
biagebroid associated to F. Then for each ring R' there is a bisection between the 
following two sets of data: 

Fib: isomorphy classes of fiber functors F' on C with base ring R' 
Gal: isomorphy classes of left H-Galois extensions Ari satisfying the follow- 
ing properties: 

(1) All' is faithfully flat 

(2) j^A 'is flat and i?°P ^ A is a proper ring extension 

(3) for all M N in Mg^ 

(a) to A invertible ^ t is invertible 

H 

(b) tUA split epi in Mr/ ^ kert G -^§p 

(c) tnA von Neumann regular in A4r' cokert G A4^p. 
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The bijection is induced on the equivalence classes by the following mappings: If F' 

is a fiber functor then A — G®F' is a Galois extension where G is the pointwise left 

c 

dual of F. If A is a Galois extension then F'C :— FC O A defines a fiber functor. 

H 

Proof. By the Representation Theorem for F we can identify C with A^^p and C 
with Ai^ . We note that the given assumptions imply that A^^p coincides with the 
fuU subcategories of the small projective, of the right dual and also of the left dual 
objects in A4^ . 

(Fib->Gal) If F' is a fiber functor then CoroUarv KW shows that A ^ G (g) F' 

c 

is a left if -Galois extension of the subalgebra R' A satisfying (1) and using 
also Lemma l8J0l it satisfies (2). The functor A= . O A : ^ r'Mr' which 

H 

maps an object M to M □ (G (g) F') = {M □ G) F' ^ M"{F_,M) ® F' is 

if C He C 

isomorphic to T'C where the localization C is an equivalence by the coarseness 
assumption. Therefore the restriction of A to A^^p is isomorphic to F' itself. 
Hence the properties (3.a-b-c) all follow from respective properties of F' listed in 
Definition 16.51 

(Gal^Fib) If ^ is a Galois extension with the given properties then we can 
construct the functor F' as the restriction of ^ = _ □ A : r'Mr' to 

H 

A^^p. By Proposition 18.151 and Lemma [S. 161 ^ is strong monoidal left exact left 
adjoint and and it is the left Kan extension of its restriction F' which is then 
strong monoidal and flat by Lemma I^T^ and by Proposition l2.8l Faithfulness of F' 
follows from assumption (2) by Lemma [8.191 F' satisfies the finiteness condition 
by Lemma [8.171 F' refiects isomorphisms by assumption (3. a). That A^^p has 
kernels of arrows for which F't is split epi in M.ri follows from (3.b) and that it 
has cokernels of arrows for which F't is von Neumann regular in Mj^i follows from 
(3.c). Also F' preserves the latter cokernels since coker (and of course also ker) 
in (3) is understood in the abelian category M.^ on which the left Kan extension 
J-' = A\s left adjoint. Thus all requirements of Definition 16.51 are satisfied by F' . 
(Fib— >Gal— >Fib) We have already seen that A= _ □ (G ® F') is isomorphic to 

H C 

T' L therefore composing it with the comparison functor /C : C — s- Al^ we have the 
isomorphism T'v~^ : AK, ^ T' and then also 

AF ^ AKY ^ . T'Y ^ F' 

is an isomorphism. (In the more paranoid notation used in earlier sections we 
should write here K instead of F) . 

(Gal^Fib^Gal) If F'G = FG □ A for a Galois extension A then we have the 

H 

isomorphisms G®F'^ {G®F)DA = IIDA^A where the first isomorphism 

C C H H 

follows as in the proof of Lemma 18.161 □ 

Remark 8.21. In the language of corings the left iJ-comodule A of the above Theo- 
rem can be thought of as hH{B,II) of a quasi-finite injector i?'-object B in the 
category A^^. As a matter of fact, by the finiteness condition A — _ □ A : 

H 

Mr/ is doubly left adjoint so its right adjoint B preserves colimits therefore 
BX = B{X ® R') = X ® B with B quasi-finite. In this context the left adjoint of B 

r' r' 
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is called the cohom functor and is denoted by hniB, _). i? is an injector since A is 
left exact [3 23.7]. The left exact comonad AB on is left adjoint therefore an 
i?'-coring, called the coendomorphism coring hniB, B) of B. This is the underlying 
coring of the bialgebroid H' associated to the fiber functor F' of the Theorem. 

8.6. Invertible antipodes. If we assume that C is not only autonomous but a 
monoidal natural isomorphism (_)* — > *(_) between left and right duals exists as 
well then we can show that an invertible antipode exists on the bialgebroid iJ, so 
ff is a Hopf algebroid in the sense of 5 . 

Since we are working with right bialgebroids, we need the opposite co-opposite 
version of the axioms [5 which are these: 

An antipode for a right bialgebroid H over R is an isomorphism S : H H oi 
abelian groups such that 

(S-1) S otn = SH 

(S-2) S{hh') = S{h')S{h) 

(S-3) 5(/l(2))(l)^/i(l)5(/i(2))(2) ^S{h)®lH 

(S-4) /i(2)^-i(/i))(i)^^-i(;,(i))(2) ^i^^s-\h) 

R R 

for aU h, h' e H. 

Choosing left duality data C* , evc ■ C* (g) C ^ I, dhc : I ^ C ^ C* for 
each object C we have the left dual object functor (_)* : C ^op,rcv ^j^j^ strong 
monoidal structure 

with all arrows in the sense of C (then this is actually the opmonoidal data) . For the 
fiber functor F : C ^ r-Mr we can define its left dual as the functor GC :— FC* = 
(FC)* which is then also strong monoidal as a functor G : C°p rM^iT = lMl 
with structure maps 

(8.10) Go^FuoFo, Gc,D = Fvc,doFd',c' ■ 

Since right duality data *C, evc, dbc also exist we have the right dual object func- 
tor*(_) and the composite functors *(( _)*) and (*(_))* are monoidally isomorphic 
to the identity functor. Existence of a monoidal natural isomorphism (_)* *(-) 
is equivalent to the existence of another one, dc ■ G — > G** . Since the double dual 
is a strong monoidal endofunctor, actually this is equivalent to the existence of any 
monoidal natural transformation iDc '■ G — > G** by Lemma 18.61 

We suppose we have given only left duality data and iS and we introduce right 
duality data by setting *G := G* and 

eve := eve* o{dc ® C*), dbc := (C* ® i9^^) o dbc* 
Monoidality of the natural isomorphism ?9 is expressed by the relations 

(8.11) l?B®C = «B,c°'^C*,S*°(l?i3®^9c) 

(8.12) ^i = u-'^*ou. 

We shall also need left and right duality data for FG, C G obC which are chosen 
as in (ESI), and ((Ki)) . ([^3]) and this entails that FG* is the common left and 
right dual of the bimodule FG. We shall use the notation 

(y, x) := evFciy a:) , y^^c^Vc ■= dhpcC^R) ■ 
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With this choice of left duahty data the bialgebroid structure of H given in the 
proof of Proposition 15.141 take the form 

H = J FC* FC 
SH{r) ^ Ca{lL) ® Fair) 

I 

tH{r) ^Ca{r)CgFo{lR) 

I 

{y®x){y' ®x') ^CaMv^v') ® Fa,b{x®x') 

A B L A®B R 

Aniy ® x) = V(2/ x'b) ^ {ye ® x) 

B ^ ' B R B 

i 

eniy ® x) = {y,x) . 

B 

Proposition 8.22. Let C be a small additive monoidal category with left duals and 
with a monoidal natural isomorphism -de ■ C —> C** . If F : C ^ rM.r is a strong 
monoidal functor with image in the subcategory of right dual bimodules then the 
bialgebroid associated to F by |28l Theorem 2.2.4], see also Proposition \ 5.1^ has 
an invertible antipode 

(8.13) S{y(g)x)^F^B{x) (Sy. 

B B* 

Proof S is well-defined since for x' = Ftx, t e C{B,C), x S FB, y = Ft*y', 
y' G FC* 

i^s(x) ®y^ Ft** o -dBix) ®y' ^ -dcix') ® y' . 

B' C* C* 

Verifying axiom (S-1) is easy using (|8.12p and (|8.10p . 

S{tH{l)) = S{Go{l) ® Fo{Ir)) = F§i o Fo(li^) ® Co{l) = 

I 7* 

= F{u* o di) o Fo{1r) (E> F{u-^) o Go(0 - 

= Fuo Fo(li^) Fu-^ o Coil) = s//(0, ^ e ^ • 



The antimultiplicativity axiom (S-2) follows from the calculation 
S{y(Sx)S{y'(Sx') = 

C B 

= Cc',B'{^c{x) (Si9b{x')) ® Fc^.B'{y(g)y') = 

L C*®B» R 

= Cc',b'{^c{x)®^b{x')) ® Fvg'^^oCB.ciy' ®y)^ 

L C*®B* ' L 

= Cv-s^(joCc-^.b-^{i3c{x)(E){>b{x')) ® GB,c{y'<»y)^ 

' L {B^O* L 

= F{vg^*ovc*,B*)oFB",c"{^B{x')<»dc{x)) ® GB,c{y''»y) = 

' R (B(8C)* L 

= F{vg'^*ovc',B' o{§B ®^c)) o Fb,c{x' ®x) ® CB.c{y'®y) = 

' R (Bg)C)' L 

= S{{y' ®x'){y(»x)) 

B C 

where we used (|8.1ip in the last line. 
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In order to verify (S-3) on h — y x we proceed as follows. 

c 

V Sifc ® « (y ® xl,)S{yh ® = 

^ ' C R C C 

= V V(Fi?c(a;) ® x^c-) «) (y x'c)iyl„ ® y^) = 

' ^ ' C* R C C* 

« j 

'■ ' C* H L C%C* ' R 

^ ^ ^ 

-Fdbc(lfl) 

= V(F79c(x) ® x^C7*)® (GdbcoGc.c-d/^yS-O^^ollfl)) = 

J V ' 

fei.,y>-Go(ii,) 

= (Fi?c(2:) ® y^^C' ■ {Vc'^y)) ® Iff = (F^cix) ® y) ® Iff = 

C* R C* R 

R 

Before proving axiom (S-4) the reader should check the following formula for the 
inverse antipode: 

(8.14) S-\y ®x) = F^b{x) ® F(i9^1 o 

Then, putting again h — y x, the calculation 

c 

y^iyh <E> x)S-\y <E> x^)^^^ <E> S~\y <E> x^)^^^ = 

^ ' C C R C 

i 

C C* R C 

= J2^Gc,c"{yh<»FMxh)) ® Fc.c'{xC^Jx^c.))®{yl,.®F{^clorc-^){y)) 

^ ' L C®C* R R C* 

l.j •• V ' 

^ ' ^ ' L C**®C* R 



Govc. oGo(li) 



c* 



- V(Go(1l) Fo(1k) • (i^i?c(a;), 44) ® (y^. ® ^(^ci ° '?r')(y)) = 

J R C* 

J 

= Iff ®S'-i(/i) 

R 

proves axiom (S-4). □ 

If the category C is pivotal [14j 5.1] then a comparison of (|8.13p and (|8.14p 
immediately implies that the antipode is involutive. 
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